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HEJIOKAJIBHASI KPAEBAS 3ATAYA
JJIA CMEIHAHHOI'O YPABHEHUSA TPETBEI'O ITIOPAIKA
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Harpy»enHble ypaBHEHHs B YaCTHBIX IPOU3BOAHBIX I'MIIEPOOIMYECKOro, NapaboIMuecKoro, AIUIMITHYECKOTO
1 CMEIIaHHOTO TUIIOB HAXOIAT OOJNBIIOE MPUMEHEHNE KaK METOJ MaTeMaTHUYECKOTO MOJICITMPOBAHNS HEJIOKATbHBIX,
B TOM 4HCIIe (D)PAKTANBHBIX, IPOLIECCOB H SBICHUI, B METOJ 2 ()EKTUBHOIO OKCKA IPHOMIDKEHHBIX pemeHnit qudde-
PEHILMATBHBIX YpaBHEeHH. MareMaTnuecKoi OCHOBOI (hM3HKH (DPAKTAIOB, B OCOOCHHOCTH APOOHOM THHAMUKH, CTa-
I HarpyKeHHble U epeHInaIbHbIC yPaBHEHNS, IeMOHCTPUPYIOIIME POJIb 3TUX YPABHEHHUH B Pa3IMYHbIX OTPACIIsX
COBPEMEHHOI HayKH, B YACTHOCTH, B MATEMAaTUICCKOI OHOIOrnH, (DH3UKHU, XUMUH, HIDKEHEpHOH Texnonoruu. Hacto-
sAIas CTaThs MOCBAIIEHA OCTAHOBKE M MCCIIEIOBAHMIO OIHO3HAUHOH Pa3pelInMOCTU OIHOU HENOKalIbHON KpaeBoi
3a/1a49M JUIs CMEIIAHHOTO HAarPYKEHHOTO 1Mapabosio — rUepOoIMuecKoro ypaBHEHHs TPEThero nopska. [Ipn nokasa-
TEIBCTBE SIUHCTBCHHOCTU PELICHNS IOCTABICHHOM 3a1a4i B paboTe paccMaTpUBaeTCsl TPU CIIydasi: KOIa JUCKPUMU-
HaHT XapakTepucruyeckoro ypaBuenus S=0,S>0u S <0. B ciayuyae S = 0 npuBoauTCs 10Ka3aTe/IbCTBO SIMHCTBEH-
HOCTH PEIEHHs IOCTABIEHHOM 3a/jau, a B ciydasx S > 0 u S < 0 j10ka3arensCcTBO MPOBOMTCS aHAJIOrH4HO. Borpoc
CYIIECTBOBAHUS PEIICHUS IIOCTABICHHOH 331a4il PeIyLHPOBAH K BOIPOCY PA3PEIIMMOCTH CHCTEMbl HHTETPaIbHBIX
ypaBHeHHI BonsTeppa BToporo pojia OTHOCUTEIHHO Cle/[a MICKOMOI'O PEIeHHUs, KOTOpas OAHO3HAYHO Pa3pernma.

KuoueBbie ciioBa: KpaeBasi 3a/1a4a, CHCTEMA HHTEIPaJIbHbIX ypaBHeHnﬁ Bo.J]LTeppa BTOpPOro poaa, CMeIIaHHOe
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A NONLOCAL BOUNDARY VALUE PROBLEM
FOR A MIXED THIRD-ORDER EQUATION

Vodahova V.A., Tlupova R.G., Erzhibova F.A., Bolova D.A.
H.M. Berbekov Kabardino-Balkarian State University, Nalchik, e-mail: v.a.vod@yandex.ru

Loaded partial differential equations of hyperbolic, parabolic, elliptic and mixed types are of great use as a
method of mathematical modeling of nonlocal, including fractal, processes and phenomena, and effective method of
search approximate solutions of differential equations. The mathematical basis of the physics of fractals, especially
fractional dynamics, become loaded differential equations, showing the role of these equations in the various
branches of modern science, in particular, in mathematical biology, physics, chemistry, engineering technology.
This article is devoted to the formulation and study of the unique solvability of a nonlocal boundary value problem
for a mixed- loaded parabolic — hyperbolic equation of the third order. In the proof of the uniqueness of the solution
of the problem in this paper we consider three cases: when the discriminant of the characteristic equation S =0,
S>0and S <0. In the case of S = 0 is a proof of the uniqueness of the solution of the problem, and in cases of S > 0
and S <0 the proof is similar. The question of existence of the solution of the problem is reduced to the question
of solvability of a system of Volterra integral equations of the second kind with respect to the track of the desired
solution, which is uniquely solvable.

Keywords: boundary value problem, a system of Volterra integral equations of the second kind, mixed loaded equation,
hyperbolic — parabolic type, Laplace transform

HarpyxeHHBIM ypaBHEHHEM B YaCTHBIX
MIPOU3BOJIHBIX BTOPOTO TOPSAKA IOCBSIICHBI
pab6otsl [1-10]. OOmiee onpezeneHUe STOro
LIMPOKOTO KJIacca YPaBHEHUH B YaCTHBIX MPO-
W3BOJIHBIX OBLITO BIiepBbie qaHo A.M. Haxymre-
BBIM B pabotax [7-8].

MHOTUMH aBTOpaMW HCCIIEZOBAINCH HE-
JIOKAJIbHBIC KPAeBbIC 3a/1au JIsi CMEIIaHHbIX
SIUTMITHKO — THIEPOOIMYECKUX H THIepOo-
70 — TapaboNMYECKUX ypaBHEHUI BTOPO-
ro mopsiaka. HenmokanmpHble KpaeBbIe 3allauu
JUTS CMENIAaHHOTO W CMENIAaHHOTO HarpyKeH-
HOTO THIEpPOOJI0 — IMapabOoIMIeCcKOTO THIIOB
ypaBHEHUH 0oJiee BBICOKOTO MOPSJIKA, TO OHU
OCTAIOTCS MaJIO UCCIICIOBAHHBIMH.

Leab paboTHI COCTOUT B IIOCTAHOBKE U HC-
CJIEJIOBaHUU  OJHO3HAYHON  pPa3perImMOCTH
OJIHOM HEJIOKaJIbHOW KpaeBOM 3a1auu JIJIsi CMe-

LIAHHOTO Harpy>K€HHOI'O YPaBHEHUS TPETHErO
MOpsIKA.

IMocTranoBka 3agaun. [lycts Q — xoHeu-
Has OJIHOCBsI3Has 00J1acTh, OTPAaHUYCHHAS
orpeskamu A4, A B, BB, npsameix x =0,
y=h, x=1 COOTBETCTBEHHO, PAaCIIOJIOKEH-
HBIX B TOJYINIOCKOCTH y > 0, W XapakTepu-

CTUKaMU
ACx+y=0,BCx—y=1

YpaBHEHUS

n
j
Uy, —u,+au, +agu +iju(x ,y),y >0,

0= = (1

Q, — mapabonuyeckas, a {2, — runepbonuye-

ckas gactu obmactu Q.
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Ipexmonaraercst, uto x’,j =1,n — ¢uxcuposannbie Toukn u3 uatepsana (0, /), mpuyem
0<x'<..<x"<I

3agaua. Haiitu gyHkiuio u(x, y) Co CICAYIOUMME CBOMUCTBAMHU:

1 u(xy)=c(Q)nc (N ()N (Q,), u, eC(Q,U44,UBB,);

2) u(x, y) — perymsapHoe pernenue ypasuenus (1) mpu y # 0;

3) u(x, y) — yIOBIETBOPSIET KPACBBIM YCIOBUIM

(0,9) =, (y)u(l.y) =0, (»).u,(0.9) 1, (L,y) =, (y),0< y < h,(2)

e
¢ (y)eC([0.y])NC*(0.1).i=13, w,(x)eC ([0:1/2])NC*((0:1/2)).i =1,2.
[Tepexons k mpeneny B ypaBHeHuu (1) mpu y — + 0, momydnM GyHKIIHOHATHLHOE COOTHOIIIE-

Hue Mexay u(x, 0) = 1(x) u u, (x, 0) = v(x), npuHECEHHOE U3 MapabOITMIECKOl YacTh () Ha JINHUIO
y =0, B BUAC

r"'(x)—v(x)+alr'(x)+a0r(x)+ikjr(xj)zo. 4)
j=1
O6wee pemenue ypasaenus (1) npu y < 0 3amaetcst hopmynoit
u(x,p)=F(x+y)+F(x-y)-o(y), (5)

rie F(x),F (x)eC'(J)NC*(J).

VYnosnerBopsis (5) KpaeBbIM yCIOBHUM (3), TOXYYHM CUCTEMY YpaBHEHHUN
F(0)+ £, (2x) - ~2)= v, (x).
{ 26(0) 0 (=x) =2, (x).
Omnpenenum U3 BTOPOTO YpaBHEHUS! CUCTEMBI ®(— X):
o' (—x) =2F/(0) =2y, (x).

HHrerpupys, nory4um

Orcrona, 4To TO XK€ caMoe

_jico'(t)dt =2F, (O)x—ﬁsz (¢)dt

1, OKOHYATEJbHO,
~o(x) = 2F(0)x 2 [y, (r)dr ~(0).
0
[ToncraBnss o(— x) B mepBOe ypaBHEHUE CUCTEMBI, HalIeM

£ (25) =, () + V2 s (1)t~ F(0) - 2F(0) x + 0(0),

nin

=)= (X522 [ (0= R (0)~(-2) (0) +0(0).
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U3 (5) 6ynem nmetn

2 (1)di=F(0)=(x-y) F/(0)+

TR TR AN

+o(0)- 2 [y, (1)di ~o(0).

B PE3YIbTATC HCCIOKHBIX npeo6pa30BaHHﬁ MocJCcAHEeC MPUHUMACT BU/

u(x,y)zF}(x—i—y)vL\vl( jfj (jdt—

Huddepentupys (6) mo x, a 3areM 10 ),
Y BBIYMTAsI U3 TEPBOTO COOTHONICHUS] BTOPOE
U TIepexoJisl K npeaeny mnpu y — — 0, moryuum
(YHKIMOHAJIEHOE COOTHOILICHUE MEXKAY T(X) U
V(x), IpUHECEHHOE M3 TUIEepOOTUYEcKOr Ya-
CTH 92 Ha nuHMio y = 0 B BUIIE

T'(x)—v(x)zﬁ(x), @)
rae
0(x)=w, (x/2)+2y,(z/2)-2y,(0).
Uckmiouas v(x) u3 (4) u (7), c yuerom rpa-

HUYHBIX YCJIOBUH (2), MOIy4YUM 7S Onpeziene-
HUS T(X) CIAEAYIOLIYIO 3a/ady:

T (x)+(a, -1)7(x) +a,1(x)=p(x), (8)
1(0)=¢,(0),7(")=19,(0),
v (0)-7'(/)=9,(0). )

2“( )

XapaKTepI/IcmquKoe ypaBHEHHUE,
BETCTBYIOIIEE OAHOPOJHOMY YPaBHEHHIO

e p

COO0T-

Tw(x)+(a1 —l)r'(x)+a0r(x)=0 (8"
HMeEET BU]T
K +(a,—1)k+a,=0. (10)
) R
BBenem oOo3nauenue S = G + M .
4 27

WzBectno [2], uro ypaBHeHue (10) umeer
OJIMH JICCTBUTENbHBIN | JIBa KOMILIEKCHO-
CONPSKEHHBIX KopHA, eciu S > 0. OHO mMe-
€T TPH Pa3IMYHBIX JACHCTBUTEIIBHBIX KOPHSI,
ecnu S <0. IIpu S=0 Bce Tpu KOpHS ypaB-
nenus (10) neldcTBUTENBHBI, IPUYEM JIBA U3
HUX PaBHBI.

-2 w5 )ar- (e nE - (0) ©

3/2
2 a, —1

IIycts S=0, Te. aTO;t 2 u} .

B sTOM ciyuae nmeem, 4to
3 3
=2 g =k =k=——D
(a1 —1) 2(a1 —1)

Tax kak oOmiee pemeHue ypaBHeHUs (8)

B 9TOM CJTy4ae UMeeT BH/]

t(x)=¢

METOJIOM BapHUallM¥ IOCTOSHHBIX, HAXOIUM
oO1iee pemeHue ypaBHeHus (8) B BHJIE

Zx T(x)=n(x),(11)

e m(x)=G(x)+p,e"”

" +(c, +ex)e,

+(pa +xps)ekx’

n(x)=P(x)+p,e"* +(p, +xp,)e,

npudeM, G(x), P(x),p, — N3BECTHBIE QYHKIUH.

Honaraﬂ B paBeHctBe (11) moouepenHo
x=x', x=x%..., Xx=Xx", moJyd4aeM CJIEIyO-
LIyIO CI/ICTCMy anre6panquKnx ypaBHEHUI
OTHOCHUTEIHHO T(X),

T, +m, Zk T, —nl,l—l,n,]—l,n, (12)

e m; = m(xj),nj = n(xj),tj = r(xj).
[Ipu BBITIOTHEHNUN YCTIOBHA

—1+me #0 (13)

cucrema (12) nMeeT eqMHCTBEHHOE PEIICHHE

t(x)= (n +zm(nx M)J (14)

Taxum oOpaszom, moactasisist (14) B (11),
HAXOJIMM CJIUHCTBEHHOE peIICHHE 3aJ[auu
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(8), (9). Jlerko 3ameruts, uro T(0) =0, eciu

0)=0,i=13.

( ocJie onpezeaeHust PyHKIUH T(X) Mbl IPH-
xonuM K 3anade (2), u(x, 0) = t(x) B obmactu Q.
JlomycTum, 4TO OJJHOPOJHAS 3a/1a4a UMEeT He-
TpHUBHAIBHOE pemieHue v(x, y). [lomoxum

u(x,y)=v(xy)e™ (15)

Tae A, L — HEKOTOpBIE TOCTOSTHHBIE. J{I1st pyHK-
ua v(x, y) TIOTy9UM YpaBHECHHE

M(v)zvm +3uv,, +(a1 +3y)vx +

+(a0 vap —/I)v+

+z/1jv(x’,y e
=1
Y KpaeBbIe YCIOBUSI
v(O,y) = O,v(l,y) =0,v, (O,y) -

-V, (1,y) =0,0<y< h,v(x,O) =0. (16)

[To mpennonoxenuto, B cuiy (15), ata 3a-
Jladya IMeeT HETPUBUAIBHOE penieHue v(x, y).
PaccMoTpuM TOXIECTBO

vLv =(vvxx —%vﬁ +3uvv, +%(a1 +3,u)v2J -

X

—l(vz )y —3uv? +(a0 faput o’ —ﬂ)vz +

2
+Z/1jv(xj,y)v(x,y)e(xj_x)i 1=0.

WuTerpupys 3TO TOXIECTBO MO 00IacTu
Q¥ yuuTBIBas OJIHOPOIHBIE TPAHUYHBIE YCII0-
B (16) momyamm

1
Lraf, i j
EIV (x , y)dx -

0

—lj.zn:(ao + al,u+,u3 —/1+/1j)v2 (xj,y)—
0.j=1
—3,uvf (xj,y)=0 (17
Bri6epem X A L Tak, 9YTOOBI

n<0,a, +au+p’ =rL+1, <O0. HpH TAKOM
BbIOOpe A W [ JeBas qalTh paBeHCTBa 17)
CTaHOBHTCSI CTPOTO TMOJIOXKUTEILHOM, 4TO He-
BO3MOXXHO, eciu v(x, y) # 0. Otcioma cremy-
er, uto v(¥, y)=0. Otciona OyneM HMETb,
gro (¥, y) =0 s Bcex (x,y)te, U, Co-
mmacHo (15), u(x, y) =0 mis Bcex (x,y) eQ,.
B o6nactu Q, onnoponnas 3anaya v(x, 0) =0

v(x, —x) = O,Z—u | =0 st ypasuenus (1) npu
y<0 umeer TOMBKO TPUBHAIBHOE PELIEHHE
u(x, ) =0 ms Beex (x,y) € Q,. Crenosarens-
HO, u(x,y)=0B Q

Jlns NokasaTelbcTBa CyHIECTBOBAHHUS pe-
IIeHUs MOCTABICHHON 3aa4d PaccMOTPEHO
ypaBHEHHE

L(u)zum +au, +agu —u, +

+Zn:/1ju(x’,y) = f(xj,O).

Jloxa3zano, uTo npu

f(xj,y)cCZ(Q),f(xj,O)zjfv(xj,O)zo

KpaeBas 3aj1aua
L(u)zf(x’ y),(0<x<1,0<y£1),
u(O,y)zO u(l y)=

u (0,y)-u,(L,y)=0,(0<y<1),
(xO) 0(0<x£)

MMEET pelleHue.

CymecTtBoBanue pemeHus 3amadn (18),
(19) ycranaBnuBaeTcss ¢ MOMOIIBIO TIpeodpa-
3oBaHus Jlamnaca u cBelleHHMEM 3aJadd K CH-
CTeMe MHTErpasibHBIX ypaBHeHHMI Bombsreppa
BTOPOTO PO/Ia, OTHOCUTEIILHO ClIe[ia HCKOMOTO
peleHus, KoTopasi OJHO3HAYHO pa3penrnma.

(18)

(19)
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