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KPAEBASI 3ATAYA V151 YPABHEHUSI BJJATOITIEPEHOCA
C COCPEJOTOYEHHOMU TEIIVIOEMKOCTbBIO

Haxymesa ®.M., KyBa:xxykoBa P.X., Makcunosa 3.T.

Q@I'bOY BO «Kabapouno-banxkapckuti I ocyoapcmesennviii Yuugepcumem um. X.M. Bepbexosa,

Hanvuux, e-mail: fatima-nakhusheva@mail.ru

PaboTa nocssiieHa pacCMOTPEHMIO ypaBHEHUsI BIATONIEPEHOCA C KPAaeBBIMU yCIOBUAMH TPETHEro poza, Koraa
Ha TpaHuIE 00JIACTH MOMEIIEHA COCPEI0TOYCHHAS TEIIIOEMKOCTh HEKOTOPOH BeNTMYMHBL. [10/100HbIE yCIIOBHS BO3-
HUKAIOT B CIy4ae, KOIZla pacCMaTpPHBAaeTCs TENIO ¢ OONBIIOH TeIIONPOBOIHOCTBIO, IPU PELICHUH 33a1a4n 00 ycTa-
HOBJICHHM TEMIIEPaTypbl B OIPaHUYEHHOH Ccpejie NP HaJIUYMU HAarpeBaTess, TPAKTyeMOIo Kak COCpeJOTOueHHas
TEIIOEMKOCTh. AHAIOTHYHBIC YCIIOBHSI BOSHUKAIOT TAKKE B IIPAKTUKE PETYIHPOBAHMUS COJIEBOTO PEKIMa I10YB, KOT-
J1a pacCOICHHE BEPXHETO CJIOSl JOCTUIACTCS CIIMBOM CIIOSI BOJBI C IOBEPXHOCTHU 3aTOIUICHHOTO Ha HEKOTOPOE BpeMst
y4acTka. MI3BecTHO, 4To ypaBHEHHE Aiepa U Ipyrue ypaBHEHHs EPEHOCa BlIari, OCHOBaHHbIE Ha I dy31OHHO#
MOJICITH, TIPEJITIONArarT OECKOHEUHYI0 CKOPOCTh PACIIPOCTPAHEHNUsI BO3MYIICHHs. YpaBHeHHe JIbIKoBa yuuThIBaeT
€ro KOHEYHYIO CKOPOCTh. OHO BBIBEACHO U3 NPUHIMIOB HEOOpaTHMOH TepMOJMHAMHKU Ha OCHOBAHHMHU aHATIH3a
pelaKcallMOHHBIX IPOIIECCOB, a HE HCXOMA U3 MOJEKY/SIPHBIX IMPECTaBIeHUH KanuuispHocTy. [losaTomMy ypaBHe-
Hue JIbIkoBa xapakrepusyeTcsi onpeienéHHol o0mHoCTRI0. [ paccMaTpuBacMoi 3a/1auu TIOTyYeHa anpruopHas
onenka B Au(depeHnnanbHol TPaKTOBKE ¢ HOMOIIBIO METO/a PHEPIeTHIECKUX HEPABEHCTB, U3 KOTOPOH CleqyeT
YCTOWYMBOCTh pelIeHNUs 3a7a4H 1O BXOAHBIM JaHHBIM. [locTpoeHa cOOTBETCTBYIONIAs PA3HOCTHAS CXeMa BTOPOIO
MOPsi/IKa TOYHOCTH 110 MPOCTPAHCTBEHHOMY U BPEMEHHOMY IIary.

KuroueBbie ciioBa: YPaBHECHHE BJIATONEPEHOCA, COCPEAOTOYCHHAA TCIIOEMKOCTD, AIIPUOPHAsA OLICHKA, PA3HOCTHAadA CXxeMa

THE BOUNDARY VALUE PROBLEM FOR THE EQUATION OF MOISTURE
TRANSFER WITH A CONCENTRATED HEAT CAPACITY
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In this work the equation of moisture transfer with boundary conditions of the third kind, when the concentrated
thermal capacity of a some value on the border of the area is placed, is considered. Similar conditions arise when
a body with a large thermal conductivity is considered when solving the problem of establishing a temperature in
a restricted medium in the presence of a heater called the concentrated heat capacity. Similar conditions also arise
in the practice of regulating the salt regime of soils, when desalination of the upper layer is achieved by draining
the layer of water from the surface of the flooded area for some time. It is known that the Aller’s equation and
other moisture transfer equations, which are based on the diffusion model, offer an infinite velocity of disturbances
spread. The Lykov’s equation takes into account its finite velocity. It is derived from thermodynamics on the basis
of an analysis of relaxation processes, and not on the basis of molecular representations of capillarity. Therefore, the
equation Lykov’s is characterized by a particular generality. For this problem we obtain an a priori estimation in the
differential form by the method of energy inequalities, from that follows the stability of the solution of the problem
with on input data, and also its uniqueness. The corresponding difference scheme of the second order of accuracy

by space and time step is constructed.

Keywords: equation of moisture transfer, concentrated heat capacity, priori estimate, difference scheme

VYpaBHeHue JIbIKkOBa yUUTHIBAET, B OTIMYNE
OT ypaBHEHMs AJuiepa, KOHEUHYIO CKOPOCTb
pacrpocTpaHeHus: Bo3MmylleHus. OHO BbIBe-
J€HO M3 IIPUHIMIIOB HEOOPaTHMMOW TelsIonu-
HAaMHUKHU Ha OCHOBE aHAJIN3a PeJaKCallMOHHBIX
MIPOLIECCOB, @ HE MCXOJA U3 MOJEKYISIPHBIX
MpeAcTaBIeHUH KanmmuispHocTH. B padote [4]
JUIsl ypaBHEHHs Biaronepenoca JIpikoBa ¢ kpa-
€BbIMH YCJIOBUSIMH TI€PBOTO POAA IOIYUYEHBI
anpuopHBIC OICHKH B auddepeHnmnantsHoi
1 Pa3HOCTHOM TpakTOBKax. IToaydeHbl 3KOHO-
MUYHBIE (PAKTOPU30BaHHBIE CXEMbI B MHOTO-
MEpHOW 00JacTH, YCTOWYHMBOCTb KOTOPBIX
JI0Ka3aHa C MCIOJb30BaHMEM OOILEel Teopuu
ycToiHumnBOCTH cxeM. B pabore [6] mpoBeneHo
HCCJICIOBAHUE JIOKAJIbHO-OHOMEPHBIX CXEM
JUIS YpaBHEHUS TETUIONPOBOJHOCTH C COCpe-

JIOTOYCHHON TeIioeMKocThio. B pabote [3]
BBIBE/ICHA alpHOpPHAs OIICHKA PEIICHUS ypaB-
HeHus auddy3uu gpoOHOTO MOpsIKa ¢ cocpe-
JIOTOYEHHOM TEIIOEMKOCTBIO, TTOCTPOSHA CXe-
Ma ¥ TIOJIy4eHa COOTBETCTBYIONIAs allpuopHast
OIICHKA B PaBHOMEpHOI MeTpuke. B padore [2]
OBUI PacCMOTpEH cily4ail MHOTOMEpHOH 3a/a-
YU IS ypaBHEeHUs AUQPQPy3un ApoOHOTO TI0-
psIZIKa, KOT/Ia Ha TPaHUIle 00JIaCTH MO KOKIOMY
HAINpPAaBJICHUIO TIOMEIICHA COCPEIOTOYCHHAS
TETIOEMKOCTh HEKOTOPOI BEITMYHHBI.

ITocTanoBKa 3a7a4H. YCTOHYHBOCTD

Bo6nactu O ={ (x,1):0<x</,0<¢<T}
paccMmarpuBaeTcs 3a/1aua [ yPaBHEHMS Ba-
TONepeHoca ¢ MepeMeHHBIME KO(UIHeHTa-
MH C COCPEIOTOYEHHOMH TEMI0EMKOCTRIO BU/IA:

INTERNATIONAL JOURNAL OF APPLIED
AND FUNDAMENTAL RESEARCH Ne 7, 2017



B OU3NKO-MATEMATHMYECKHWE HAVKN W 49

ou *u 9 ou
— = k(x,t)— |-q(x,¢ 1),
8t+812 ax[ (x )ax] q(x )u+f(x ) (1)
O<x<l, 0<t<T,
) J
k(x, 1) = =, ==+ B, (=, (£), x=0,
ox ot @)
d d
—k(x,r)a—z=xza—’;‘+ﬁz(t)u—uz(r), x=1,
u(x,0) =, (x),
u,(x,0)=u,(x), x20. )

s xos3dduumentos TpedyeM BeinonHenus yenosuid 0< ¢, <k(x,t)<¢,, k(x,t)e C 3 (QT ) ,
|kt(x,t)|Scz_, q(x,t)2m>0, BB, =2p.>0, Blt(t)|’ |B2[(t)|SC3, Xi>X2 20, %, +%,>0.
3necy C*' (QT) — KJ1acc (hyHKIMH, HETIPEPHIBHBIX BMECTE CO CBOMMH YaCTHBIMU ITPOU3BOHBIMU

TPETHEro MOPSIIKA [0 X ¥ EPBOro MopsaaKa 1o ¢ B O, .
JlokazaTenbCcTBO YCTOMYMBOCTH pemieHus 3agadu (1)—(3) mpoBoIuM C MOMOIIBIO METona

du
SHepreTudecKkux HepaBeHCTB [5]. s yero ymHOXkaeMm ypaBHeHHe (1) cKamsipHO HA — U MpH-
XOJUM K SQHEPICTUYICCKOMY TOXKIACCTBY: at

Ju du o*u du 0 Ju ) Jdu Ju Ju
(E,E)-F(87,5]—(a—x(k(x,t)a—x),g)+(Q(X,t)u,§) = (f(x,t),g), (4)

) 1
2
2
e CKalsipHoe mpousBeneHue (u,V)= Ju-udx , HOpMa ||u||0 = Ju dx . JIis mepBoro u BTOPOTO
0 0
CKaJIIPHBIX TIPOU3BENCHUN B (4) nMeeM:

ou d '
(a_a_)f uide=|u [ ®)
0
u du) (19,4, 1d¢,, 19, n
(a?’a]—ba(“f =33l =g 5 el ©

Jlnist TpeThero CKalIpHOTO MPOM3BeNCHHS B (4) MPUMEHSEM HHTCTPUPOBAHME 10 YaCTSIM.
YuutsiBast yciaoBus (2), OymeM UMeTh:

O ke 2 ) 2 e o, w2 () =y, 12 (0,0)
( ax("("’” » ) > ]— X 1] (10 =%, 1, (0.1)

1 8 2 1 a 2 1 2 1 2
- g(Bz(z)u (l,t))—g E(Blmu (o,z))+562,(t)u 0+ B (0w 0,0+

+%(H2 ([)M(l,[)) +%(!’Ll (t)u(O,t)) _Hzt (t)u(lat) - Hn(f)”(oaf) -

[ ket (o0, (x ) dx (7)

2

xt? x°

Wcnions3ys pasenctso (ku?) =ku: +2ku,u,,, Moxem sanucars ku,u,, 1 (kuf)t ! k, u
+), : : .
Torma mst maTerpasia B (7) OymeM UMETh: 2 2
.l[k(x Du (x,0)-u_(x t)dx—j 1 (ku) L =t ij ku%lx—ljk u® dx
. bl X bl xt bl 2 X / 2 t X 2 at i X 2 0 t x .

0
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Teneps (7) ¢ yuéToM MOCIEIHEr0 MOXKEM Tepenucarh:

) ou ) du
(a(k(xat)a) ot ] X2 Y, (Z Z) X1y, (0 t)_

1

1 8 2 a 2 1 2 1 2
- g(Bz(t)u (L.0)- a—(Bl(r)u (O,t))+5ﬁz,(t)u L0+ B (0.0 +

+%(“‘2 (t)u(lvt)) +_(u1 (t)u(O,t)) —Hy, (t)u(lat) - Hl;(t)“(oat) -

— —j feuldx +— jk u? dx .
C yué€rom ycnosuii Ha k(x, ¢) u k(x, {) VT HHTETPAJIOB B TIPaBOi YacTH (8) 3anuuiem:

J.k(x Hulde<c|u

Jk (x,0) u dx<c,

st weTBEpTOTO HHTerpana B (4), yuuTsiBas yCJIOBHe Ha g(x, f), MOJKEM 3aIUCaTh:

l
m 0 m o 2
(qu(x,t),u,) <—— J u (x,t)dx=—— " u || .
2 oty 20" 0
JIJ1st IOCIIEHETO CKAISIPHOTO MPOM3BEACHHS B TOXKICCTBE (4) TAKKE 3aIHIIEM:
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C yuérom (5)—(11) u ycnoswuii Ha B, B,.B,,,B,, , ucnonssys nemmy ([1], ctp.152), u3 (4) Oy-

JEM UMCTh

19
s

]
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L ulf +my 2
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u, 0+§$(u1 (t)+u2(t))+5(||f||0+(ult(t)+u2t(t)))_

2
<m, ||u ||0 +m,

Yurém ycJoBus X, >0 > As + X >0 u, npeHe6pera;1 IOJIOXKUTCIBbHBIMU CJiaraCMbIMHU, OT-

YCro HEPABCHCTBO TOJIBKO YCUJIUTCH, IMTOCICAHCC HEPABCHCTBO IICPCIIUIIICM:

9
ot

2

U llo

X

IIMII+ o+ m o ||u||3+mz

<o ul} [+ (W @+20)+ £ +(1.0+1,0).

X 10

e m,, mz, m3, m,— MOJOXHUTCIBHBIC ITOCTOSAHHBIC BCJIMYNHBI.

(12)

Hepasenctso (12) mponHTerpupyem Tereps o T B pezenax ot 0 10 U, yIuThIBast Ha4aIbHbIE

ycinoBus (3), UMeeM WHTETPaJIb:

e)
5 (50 (s | L
0
e
2 1ul =) (500 = Lo (),
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YyutsiBas BBIIIICU3JIOKCHHOC, ICPCITUIICM HEPABCHCTBO (12)

ol <,

A o T e wlhg g )+ g +

A O+ RO+ [(1 0 +12,0)de+ My ([, (1) [+ g (5) ][ +

0
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2
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t
HEO+ O+ [(1 @+ 13, 0) e My [ (x)]] +] o ()
0
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2

F(x)=[ £ [}, + O+ 0+ [(1@ -+ @)dre M [, ()|} + ()]}, ).

Torna HepaBeHCTBO (13), peHe6peras MONOKHTETBHBIMH CIATaCMBIMH | ”r”j , ut”(z) B Jle-
BOIi yacTu (OTYETrO HEPABEHCTBO TOJBKO YCHIIUTCS) MEPETUILEM B BUJIE o
f 2 2
u, i +|| u ||§ <M, I( u, (x,7) ||0 +||u(x,1:) ||0)dT+F(t), (14)
0
t 2 2 2 2 dy
BBesieM 0003HaueHHE: I( u (x,7) ||0 +||u(x,‘c)||0)d1::y(t) , torma |u, || +]u | ==
0
C y4eToM IPHHATHIX 0003HAYECHNUI HepaBeHCTBO (14) MOXKeM MepenucaTh:
dy(t
J;(t)SMly(t)+F(t). (15)

M, .
[Tpumenss n3BecTHYIO emmy [ 1], n3 HepaBenctra (15) 3armmmem: (1) <e"" -t- F(¢) . C yué-
TOM MOCJIEIHETO U BBIIECIEIIaHHBIX 0003HAYEHHA UMEEM

i

U3 (13), yunTsiBas mocneanee, mojrydaeM HepaBeHCTBO

u, (x,7) "z +||u(x,’t)||(2)) dt<e™ -t F(t).
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2 2 2
o + || u ”O = " u ”W'(O e OKOHYATEJIbHO IMOJIYUYUM HEPAaBCHCTBO
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Do |+
[ s R e

2 1 <
w,(0,1)

<M () (11 g [ G+ ()]}, ) OO+ [(1@+RL@) . (16)

31ech TONOKUTENbHAS BeTndrHa M(f) 3aBUCHT OT KO PHUIMEHTOB ypaBHEHUSI U pa3MepOB
obnactu Q.. Y3 anpuopHoii onenku (16) 3aKaodaeM yCTORUMBOCTD peruenus 3ana4u (1)—(3) mo
BXOJIHBIM JITaHHBIM.

Pa3nocTHas cxema
B QTE{(x,t): 0<x<I, OStST} CTPOUM CETKY (T)hT:EJhX(T)T:{ X, tj):(ih,jt)} , TIe
o, :{xl. =ih,i= 0,1,...,N}, h — mar ceTku, N — 9uciio pa3OueHMIA; 0, = t=jt j =()’1,_-_,j0} ,
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T — IIar CETKH, j, — YUCIIO0 Pa3sOMEHHH. I{epe:s y =ylx ) 0003HauaeTcsl 3HaYEHNE CETOYHOMN

(Gynxuu y B ysne (x,, t) ONPE/ICIICHHON Ha CETKE ®,, f[l/l(b(bepeHuHaanOMy ypaBHeHHIO (1)
CTABUTCS B COOTBETCTBHE apaMeTPUUCCKOE pElSHOCTHOG ypaBHEHHUE BUJIA

Y.+ e, =A(0,y+(1-0,-0,)y+0,7)+0, xe ,, (17)

G,, G, BelleCTBENHbIE TapameTphl, 0< 6,6, <1, y=y/", y=y/, 5=/, Ay =(ay;) —dy,

Jj+l j+l

(ay.) zl a,, Vi — Vi —a, Yi = Vi |, ¥, =u sy, = ~2y/ +y" . PasnoctHOE

Y h h h t 21 T

ypasuenue (17) annpokcumupyeT ypasHenue (1) ¢ Tounoctsio O(h° + 172) . Cnenys [5], nomyuum
aIIpPOKCHMALINIO KPAeBBIX yCI0BHH (2) ¢ TourocThI0 O(A +1°) . st ku'tipu x = 0 3armmmem:

h(ou d’u ,
ot =3[ o S o= 5) )| =i+ 0fn).

Torma mst kpaeBoro ycioBus (2) mpu x = 0 umeeM

6,.0, h+2 h h 6,0, h
4y >=(—2X1)y;0+5yt,,o+(5do+ﬁl]y£ {Ghem ] emo 0y

y/+1 _
3nech =20 0 ay.,=a
V. 0 2t 1/%,1 1 h
Uit — ku' B (2) ipu x = [ 3anuiiem:

h(ou 9 ,
—ayuy, —E(a—j+a—;+q(x,t)u —f(x,t)) =kyuy, +O<h2).
N

Toraa anmpokcuMuUpyeTcsi BTOpOe TPaHUYHOE ycoBue (2) mpu x =/ B Buje

6.0, h+2 h h (on0) [ F
_aNyi,Alr’ )=(TXZJJ/;N+EJ’M,N ( dy +B2) _(Efzv"'uz} x=L (19

j-1 -
v Yi—Xo , y(GlnGz) :GIJ7+(1_(51—(52)y+62)7. Taxxe

Jj+l j-1 _
Bnech y, =24 IV gy =g Pv TN
LN 27 ' h

[lepBoMy HauaJIbHOMY YCJIOBHIO (3) CTaBUM B COOTBETCTBHE PA3HOCTHOE yCJIOBUE BUA
y(x,0) =1, (x), x=x,€0,. (20)

Bropoe nauanbHOE ycnosue B (3) BeipakeHueM y,(x,0) =u,(x) annmpOKCUMHPYETCS TOJIBKO
¢ TouHocTbto O(1). [Tomy4unM anmpokcuMariyio BToporo nopsijika o t. Mcnomns3ys hopmyny Teii-
nopa, ¢ yu€rom u,(x,0) =u,(x) 3anuiem:

a az 0 s 2 82 0 s
u' =u +1:( attl) +—[aT] +O(1’ )=u0 (x)+’cu1(x)+%[a—t?) +0(’C ) 2D

2
B u (1) uy (x)=u’ (x)=u’
LIpaSI/IB ? nu3 ypaBHeHI/Iﬂ %1 y‘II/ITI:IBaﬂ, 1 =u nu HCpCHOCSI uo X)=Uu BJICBO

W pa3ienuB Ha T, u3 (21) momyyum

”hﬂozpf§}£+§«m,>—q%<>+fﬁ+0“”’

T
OTKyza

1 0

0 1 — 0 2
u :1_0_51u Tu —2;((’“4 ) —q'uy (x)+ f )+O(T ). (22)
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Urak, nomyyeHa ammpoKkcuMaIus HadaipHoro yciosus u, (x,0)=u, (x) ¢ Tounoctsro O(1?).
TakuMm 00pazoM, pa3HOCTHAS CXeMa, allpPOKCUMHUPYIOIIast KpaeByto 3anaqdy (1)—(3) ¢ Touno-

creio O(h* +1°) nMmeer Bux

6., h+2 h h — h
alyill’ [ V. Ve | dy +B y(() = —foth | x=0, (23)
: 2 o 2 2 2
y;+y7t:A(0]}+(1—0]—02)y+02)7)+¢, X€ ®,, (24)
6.0, h+2 h h 6,0, h
_aNJ’iN S s V. +—Yr oyt Sdy B, va = — Syt | ox=1, (25)
: 2 LN 2 2 2
V(x,0) =u,(x), iy
y,(x,0)=d,(x), x=x €0, (26)
- 1 u' —u’ T 0 0 0
e u](x)zl—OS'c . —2_1((kux)x—q uy (x)+ f )

Hnst peanuzanuu Ha OBM (23)—(26) mpu-
BOJMTCSl K CHUCTEME YpaBHEHUH C TpEXauaro-
HaJIbHOW MaTpHILEH, KOTOpasi peraeTcss MeTo-
JIOM TIPOTOHKH Ha Ka)KJIOM BPEMEHHOM CJI0€.
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