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PaccmoTpena 3aja4a 0 CTallMOHAPHOM OOTEKAaHMM HE OIPAaHWYEHHOW M3BHE BA3KOH JKUAKOCTBHIO TBEPIOTO
0OECKOHEYHO JJIMHHOIO LWJIMHIPHYECKOrO Tena. I'paHuIa Tena MpOHULAeMa JUls KHUIKOCTH. TedeHHe KUIKOCTH
SIBIISICTCS TUTOCKMM. TeIl0 MOYKET COBEepIIaTh (MM HE COBEPINATH) CAMOIBHIKCHHE B JKHIKOCTH, 00YCIOBICHHOE
NPOTEKaHHEM (BTEKaHHUEM M BBITEKAHHWEM) XMIKOCTH 4epe3 ero rpaHuily. [locTaHOBKa MOJHOM 3a7auyl BKIIOYAET
B ce0si ypaBHCHUS CAMOJIBM)KCHHS Tesla (4acTh Tejla KOHEYHOU JUTHHBI), ypaBHeHus HaBbe — CTOKCA U HEpa3pbIB-
HOCTH U yCIIOBUsI, KOTOPBIE JODKHBI BBIIOIHATHCS Ha TBEPOW MPAHUIIE )KUIKOCTH U Ha OeckoHeuHocTH. U3yuenne
3a/1a4u TMPOBEJICHO JJIsl MAJIbIX [0 CPABHEHHUIO C €AMHUIICH 3HaUeHMI ymcna PeliHonbca, B npubmkenn Crokca.
YCTaHOBIICHO, YTO PELICHHE 33/1a4k O TCUCHHUH )KUAKOCTH CYIIECTBYET, XapaKTepHblil apaokc CTOKca OTCYyTCTBYET
TOT/IA M TOJIBKO TOT/IA, KOT/Ia TENO SABISIECTCS CAaMOABIDKYIMMCst. HaliieHo perierne 3a/1a4u o CTalmOHapHOM 00Te-
KaHHUU BSI3KOH JKUJIKOCTBIO CAaMOJIBIIKYILErOCs UIMHAPUYECKOTo Tesia B npubnmkennn Crokca. OcyliecTsieHne
TEJIOM CaMOJIBUKEHHSI B J)KHIKOCTH COOTBETCTBYET TOMY, UTO, HAXOISCH B KHUIKOCTH, TEJIO IIEPEMEIIACTCS, OTTAIKU-
BasiCh OT Hee. CaMOIBIDKEHHUE B JKHIKOCTH MOTYT COBEPIIATH )KHBBIC OPTaHU3MBbI, TEXHHIECKHE YCTPOUCTBA (PBIOBL,
MOJBO/IHBIC ammaparbl). MccaenoBanussMu 00TEKaH s KUAKOCTBIO CAMOBIIKYIIHXCS TEJ OMPEICIIeTCs] aKTyab-
HOC HaIPaBJICHUE B MEXaHUKE KUIKOCTH.

mapaaokc Crokca

STATIONARY FLOW OF A VISCOUS LIQUID PAST A SELF-MOVING
CYLINRICAL BODY
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'Lavrentyev Institute of Hydrodynamics SB RAS, Novosibirsk;,
’Novosibirsk State University, Novosibirsk, e-mail: sennitskii@yandex.ru

The problem is considered on a stationary flow of an unbounded from outside viscous liquid past a solid
endless cylindrical body. The boundary of the body is pervious for the liquid. The flow of the liquid is flat. The body
can perform (or not perform) a self-motion in the liquid caused by passing (an inflow and an outflow) of the liquid
through its boundary. The formulation of the full problem includes the equations of the self-motion of the body
(the body part of a finite length), the equations of Navier—Stokes and a continuity and conditions which must be
fulfilled at the solid boundary of the liquid and at infinity. The study of the problem is conducted for the meanings
of the Reynolds number which are small in compare with unit, in the Stokes approximation. It is revealed that the
solution of the liquid flow problem exists, the characteristic Stokes paradox is absent then and only then when the
body is self-moving. The solution is found of the problem on the stationary flow of the viscous liquid past the self-
moving cylindrical body in the Stokes approximation. The realization of a body self-motion in a liquid corresponds
to that the body being in the liquid moves by pushing off from it. A self-motion in a liquid can be performed by
living things, technical devices (fishes, underwater apparatuses). The investigations of a liquid flow past self-moving
bodies determine an actual direction in fluid mechanics.

Keywords: viscous liquid, stationary flat flow, self-moving cylindrical body, paradox of Stokes

B pabGote [1] chopmynupoBaHa KoHUEM-
WS CaMOJBMKCHHS Teja B KUAKOCTH. Ha-
Xomsmieecss B OKHIKOCTH TEJIO COBEPIIAeT
B HEll CaMOJIBIDKCHHE, €CITU JIBHXKCHHUE Teja
ABJISIETCS] CTIEICTBUEM TOTO, YTO TEJIO OTTall-
KHMBaeTcs OT KUAKocTH. CaMOIBIKEHHE Tela
B JKMJKOCTH MPOHMCXOIMT 32 CYET B3aUMOACH-
CTBUSI MEXIYy €ro TpaHWIeHd W IKHUIKOCTHIO
(HO HE BCIIEACTBUE KAKUX-THOO BO3ICHCTBHI
Ha KHUJKOCTh, KOTOPbIE MOTYT OCYIICCTBIISTh-
Csi U B OTCYTCTBHE B HEil Tena). BBumy 3Toro
IpaHMlla CaMOABMIKYIIETOCS Tena sBIsIeT-
csl ero JIBWXMTeNneM. Pabora aABwxHUTENsS MpH
CaAMOJIBI)KEHUH COOTBETCTBYET TOMY, YTO
Ha TpaHUWIE Tela 00eCIeYnBalOTCs YCIOBHS,
IIPU KOTOPBIX BBITIOJHSIOTCS YPaBHEHHS CaMO-
JIBYDKCHHS TeJla B KHIKOCTH.

UccnenoBanusi, HanpaBieHHbIC Ha BbISB-
JICHWE 3aKOHOMEPHOCTEH TEYEHHUS JKUIKOCTH
BOKPYT CaMOJBMKYIIMXCS TN, HEU3MEHHO CO-
XPaHSIOT aKTyalbHOCTh. B padorax [2, 3] BbI-
MIOJIHEHO MOJCTUPOBAHNUE TCUCHUS JKHUIIKOCTH
B cie/ie 3a TesioM; padoThl [4, 5] MOCBAIICHBI
PACCMOTPEHHUIO TEUCHHUS >KUJIKOCTH BOKPYT
Bpalnaromnierocsi Topa. B OCHOBHOM HHTepec
MIPENICTABIIICT ABW)KCHHUE BS3KOW IKHIKOCTH.
3a1aun, Kacarolumecs JTMHAMUKH BSI3KOM JKH/I-
KOCTH, KaK MPaBUIIO, XapaKTePU3YIOTCS TTOBBI-
[IEHHBIM YPOBHEM CJIOXHOCTH. BecombIM 10-
MIOJIHUTEIBHBIM MPEMSATCTBUEM B UX U3YYCHUHU
siBrsieTcst napagokc Crokca. J[aHHbIN napamoke
COCTOWT B TOM, UTO PEIICHHWE 3aJa4ud O IIJI0-
CKOM TCUEHWW HE OTPaHWYCHHOW W3BHE, TIO-
KOsIIIeNicss Ha OECKOHEYHOCTH BSI3KOUM IKHUIKO-
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CTH BOKPYT TBEPJOTO IIMJIMHIPUIECKOTO TENa,
JBIDKYIIETOCSI B HEM € MOCTOSHHOU CKOPO-
CTBhIO — PaBHO KaK M pelIeHNe YKBUBAJICHTHOMN
3a/1auv O CTAIMOHAPHOM OOTEKaHWH TBEPIOTO
UWIAHIPAYECKOTO TeJa BSI3KOW KHIKOCTHIO —
IpyU MaJlbIX 3HAYEHUsAX uucia PeiiHomnbjca,
B ipuOmxeHnn CTokca He CyIeCTBYET.

[aBHO# 11€NIbI0 HACTOSAIICH PaOOTHI SIBIISI-
€TCsl YCTAHOBJICHHE CBS3HM MEXITY CaMOJIBIIKeE-
HUEM TBEPJOTO HWJIMHIPUYECKOTO TeNa B BSI3-
KOM KHUAKOCTH 1 TapagokcoM CTokca.

B Bs3Kk0i1 HECKMMAEMON HE OrpaHUYEHHOU
U3BHE KUJIKOCTH HAXOAUTCS TBEpAOE Teo E —
0OCCKOHEUHO JUITMHHBIA KPYrOBOM IWIUHIp pa-
nuycaA. Teno E mOKOUTCS OTHOCUTEIBHO HHEP-
LUATbHON NPSAMOYTOJIbHON CUCTEMBI KOOPIUHAT
X, Y, Z. XKuakocth Ha OECKOHECYHOCTH JIBUKET-
Csl C TIOCTOSTHHOM CKOPOCTBIO vV _={V_ 0, 0}
(V> 0). I'pannna tena = — NUIMHAPUYECKAS
noBepxHocTh I'_: X? + Y2 =A? (—o0 <Z <o) —
IpOHULAeMa JJIs KUAKOCTH. TeueHue KuaKo-
CTH SIBJISIETCS] CTAITHOHAPHBIM, TIJIOCKAM U CHM-
METPUYHBIM OTHOCHTENIFHO TIOcKocTH Y = 0.
Teno E MoxeT coBepIarh (MM HE COBEPIIATH)
CaMOJIBUKCHUE B KHJKOCTH, OOYCIIOBJICHHOEC
MpOTEeKaHHEeM (BTEKaHHEM U BHITCKAHUECM ) HKHI-

KOCTH_4epe3 ToBepXHOCTH I'.. CamonBuxkeHne
Tena E OTHOCUTEIILHO YKUIKOCTH Ha OECKOHEY-
HOCTH HPOUCXOIUT CO CKOPOCTBIO —V_ .

Ilycte  x=X/A; y=Y/A; “2=7/A,;
e ={1, 0, 0}; e—{O 1, 0}; e, = {0, 0, 1},
r=xe +ye; r= r|; e =r/r; 0= YOI MEX-
ny BeKTOpaMI/I e u er, e,=exe; { — JacTh

Tena E, «BIHCAHHASD) MEXKAY IUIOCKOCTIMHU
Z=-H/2u Z=H/2 (H> 0 — nocrosiHuas);
h=H/A; I, — OOKOBasi IOBEPXHOCTh Tena &;
V, p U V — COOTBETCTBEHHO CKOPOCTb, ILIOT-
HOCTh W KHHEMATHYCCKHH KOIPPHUIIUCHT
BA3KOCTH Xuakoctu; v=V/V = ve + ve;

P — naBnenne B xuakoctu; p=P/(p V2);
Re=AV_ /v — uncno Peinonbaca; ¢ = (0,

Re)= Y ¢, cos nb (¢, =0 (Re)); S — morok
n=]
MMITyJIbCA JKUIKOCTA 4epe3 MOBepXHOCTh I,

B Teno & (MMIyNbC, TepeiaBacMbli )KI/IILKO-
CTbIO Teny & B enuHuily BpeMenn); T — motok
MOMEHTAa UMIYJIbCA KUJAKOCTH OTHOCHUTEIBHO
Hayasa KoopauHar X, Y, Z 4epes3 MOBEpXHOCTh
I, B Temo & (MOMEHT UMITYJIbCA, TIepeIaBacMblil
KUIKOCTBIO TCITY é B CAMHUILY BPEMCHU, OTHO-
CUTEJIbHO Hauaja koopauHar X, Y, Z);

P =—p+ 2 dv,. (BV9 Ve, 1dv, )
Re or or r r oo
-5 . T(p e +Pg € —V,v) db;
pViAH o T o v r ‘;:1 s
T T h/2
:ij—A3 = :[nig/z(er +zez) ><(prrer +Dro € —VrV)‘r 1 dz de.

Onpenenum CIeayoNyto — HOJHYIO — 3a1a4y

s =0; (1)
t=0 2)

— ypaBHEHHsI CaMOJIBI)KEHHs Tena E (Tena & ) B )KUIKOCTH;

1
(V-V)V:—Vp+R—eAv; 3)
Vv=0 “)
— ypaBaenus: HaBbe — CTOKCA M HEpa3phIBHOCTH;

v=¢e npur=1; ®)
V— e NpH T — 0 (6)

— YCJIOBUS Ha TBEPJIOH IPAHUIIE KUIKOCTH U HA OSCKOHEYHOCTH.
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Comnacho (1), (2) umeem

f+g=0, @)
e
F Y
f=——5——= 06 - in®) do 8
V2 AH _fn(pn cos P SIN )‘r:] (8)

(F — cuna, eficTByOIIast CO CTOPOHBI KUIKOCTH Ha TEJIO & B HAIIPaBJIeHUU ocH X);
T
g=] [Vr (vosin® —v, cosG)] de.
-n r=1

Teno E sBiseTcss caMOIBHKYIIIMCS (B )KUKOCTH ) TOT/Ia M TOJILKO TOT/IA, KOT/IA BBITIOIHSIETCS
ypaBHeHnue (7).

Bbynem pacemarpuBarh 3amgaqy (3)—(7) mpu MaibIX 10 CpaBHEHHIO ¢ SIUHUIICH 3HAaUCHUAX Re.

IIpeanonoxum, 4To

(pn ~ (p'n (n:1927 ---)9 ¢~ (P' = i(p'ncosne,
n=l
1 1 ' 1 '
Vv~V =Vrer+veee,p~—R p' mpu Re — 0. )
e

CornacHao (8), (9) nmmeem

f~ Lf' mpu Re — 0. (10)
Re
3nech
n ov' ovly v'y 1 9v'
f'=[||-p+2— 0 —| =% -——2+-—L|sinO| do. 11
_jn[( P or )COS ( or r r 00 )sm :|r_l (1n

Ucnonwzys (3)—(7), (9), (10), momyunm

=0 (12)
— ypaBHEHHE CaMOJBIDKEHHA Tena = (Tena & ) B )KUAKOCTU B puommkeHnn CTokca;
Av'=Vp" (13)
Vv'=0; (14)
v'=¢'e mpur=1; (15)
v'—e npur— o (16)
— 3a71a4a 0 TCUCHUH JKUIKOCTH B puOmmkeHnu CTokca.
ITycth
avly Vvly 19V
O=me=—"+————F 17
o or r 1 do (1n
(0 = Vxv'— 6e3pazmepHas 3aBUXPEHHOCTD KUAKOCTH B prOnmxeHnn CTokca).
Ucnomsays (13), (14), mpeodpazyem popmymy (11) x Bumy
T
fr= j(ﬁﬁ) 5in de . (18)
S\or ),
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B cooterctBuu ¢ (14)—(17) BBINOIHAIOTCS COOTHOIIEHUS

10y oy
' —_ 1 ‘v _ . 19
T e T T (19)
oy oy
— =0,—/—=0' =1; 20
o g~ @ P T (20)
a—wasme la_\ll —c0s0 mpur — o (21)
or r 00
Ay = -0 (22)
(v — 6e3pazmepHast GyHKLHUS TOKA KUIKOCTH B ipuoOmmxennn CTokca).
U3 (13) cnemyer
Ao = 0. (23)

Pemast ypaBHenue (23), Halinem

o= i (Ocn '+ Bnr“) sinn®, (24)

e o, B, — moCTOsAHHBIE.
Ucnonways (18), (24), nonydanm

f'=2na,. (25)

CormnacHo (25) ypaBaenue (12) BEIIOTHSICTCS, TETO = SIBISICTCS] CAMOABIDKYIITUMCS (B KHIKO-
CTH) TOTJIa U TOJBKO Tor/a, koraa o, = 0.

Ob6parumes k 3agade (20), (22), (24). Pewas nannyto 3agaqy, puHUMas BO BHUMaHUE COOT-
HorreHue (25), HaiaeM

[ B o Nf B, 5.
WZZ{[(E 21+2(p1)r1—(%—B1—2(p1)r+;rlnr——lr]sme—

< 1 B]’l 1 —n (xl'l
;;[( n+l _2(P“)r +(n—

[TycTtp Teno E He sABASETCS CaMOABIXKYIIUMCS (ypaBHEHHE caMonBrkeHus (12) He BBINON-
usiercs). Torma ¢ynkuus y (onpeaensemas Gpopmyioii (26)) He y,I[OBJ'IeTBOpﬂeT ycnoBusim (21)
HHU [PH KAKHX 3HAYCHHSX HOCTOSHHBIX 0, Wm=23,..),p(n= ..) BBUY TIPUCYTCTBUS B Ipa-
Boit yactu (26) cimaraemoro (4m)'f'r Inr sin 0, pemrenue 3az[aqn (13) (16) HE CcyIIECTBYET.

[Tyctp Teno E sBnsieTcsl caMOABIKYIITUMCS (ypaBHEHHE caMoABI KeHHs (12) BeImonHAETCS).
Ucnonways (21), (26), Haiinem

o, =2(m-1)¢',(m=2,3,...), B, =0(n=12,...);

(04
n_2(P|n I'n _ n nr2—n+ an
n—1 n+1

r2+“] sin nﬂ}. (26)

= % i (2 s rsz sin né. (27)

n

3neck ¢, =2. 13 (13), (19), (27) cnenyer

o

p'=2Y (m-1) @', r ™ cosm6 +c, (28)

m=2

rae ¢ — yHkius Bpemenn. 3anada (13)—(16) umeet pemenne (19), (27), (28).
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Takum 00pa3om, pereHne MIoCKoi 3a1aun
0 CTalMOHApHOM OOTEKaHWW HE OTrpPaHUYCH-
HOHM W3BHE BSI3KOW YKHJKOCTBIO TBEPIOTO IIH-
JUHIPAYECKOTO TeJa, TP MallbIX 3HAYCHUSIX
gucita PeitHonpaca (B mpubmmkennn CTokca)
cymiecTByeT — mapajnokc CTOKca OTCYTCTBY-
€T — TOTJIa U TOJBKO TOTIA, KoTja o0TeKaeMoe
JKUJKOCTBIO TEJNO SBISCTCS CaMOIBUKYILIUM-
csi. OTMeTHM, YTO JaHHBIA Pe3yNbTaT MOMyYeH
paHee B padore [6] mIsl TBEPAOTO MITHHIPH-
YECKOIo TeJla ¢ JBUXKYIIEHCS rpaHulIeH.

3aKkjIoueHue

BreisiBieHHEe 3aKOHOMEPHOCTEH COBMECT-
HOTO JIBIKEHUS TBEP/IBIX TEI U BSI3KOM KUIKO-
CTU B PA3IMYHBIX THAPOMEXAHUYECKUX YCIIO-
BHSIX SIBIISICTCSI OJJHOM M3 BAXKHEHIIIMX MTPOOIEM
MEXaHUKHU KUIKOCTHA. B CBSI3M C DTUM MOXKET
TIPEICTABIIAT CYIIECTBEHHBIN HHTEPEC TIPOBE-
JIEHHOE B JJAHHOW paboTe paccCMOTpPEHHue, yKa-
3BIBAIOIIEE, B YACTHOCTH, Ha HAUYNC HETPU-
BHAJBLHOIO IOAXO0Ia, IMO3BOJSIOIIEr0 OOOUTH
napasiokc Crokca, n30exarb ero BOSHUKHOBE-
HUs. V3II0)KeHHOE B HACTOSTIEH padOTe MOKET
HCITOIB30BaTLCSI B HWCCIIENOBAHUAX B 00JIACTH

MCXaHUKHU KUJAKOCTHU, B TOM YHUCJIC IIPU IIOUC-
K€ 1M U3YyYCHUU HOBLIX COACPIKATCIIbHBIX 3a/1a4
0 IJIOCKHUX TEUCHUSIX BI3KOU JKUJKOCTHU BOKPYT
TBEPAbIX TUJIUMHAPHUICCKUX TEII.
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