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KOJIEBAHUA FI/II[PON\I’EXAHI/I‘IECKOI\/'I CHUCTEMBbI
C BA3KOU ’KUJAKOCTBIO

Cennnuxmnii B.JI.
@I'FYH Uncmumym eudpoounamuxu um. M.A. Jlaspenmvesa
Cubupcrozo omoenenus Poccutickoti akademuu Hayk, Hosocubupck,

Hosocubupck, e-mail: sennitskii@yandex.ru

B pabote nocraBieHa u pelieHa 3a/ada O BHIHY)XKICHHBIX BPAIIATEIbHBIX KOICOAHUAX ChepUuecKU-CHMMe-
TPUYHON T'HIAPOMEXaHHYECKOH CHCTEMBI, COCTOSILICH M3 HEC)KUMAECMOIT BSI3KOH KUAKOCTH M OKPYXKAIOLIEro ee ad-
COJIIOTHO TBEpAOTO Tena. Ha cucreMy nelicTByeT MepHOAMYECK NU3MEHSIONIMIICS cO BpeMEHEM BHEIIHUH CHIIOBOI
MoMeHT. TBepzoe Tenno sBIsieTcss CBOOOJHBIM (ABIDKCHHE Tella He 33aHO, IOICKUT opeeneHuio). [loctanoska
3a/1a4¥ BKJIIOYAeT B ceOsl ypaBHEHHE ABIKCHHS TBEPJOro Tela, ypaBHeHne HaBbe — CTOKCa, ypaBHEHHE Hepas3phiB-
HOCTH U YCIIOBHS Ha TBepOH rpaHuIle )HUAKOCTH. [{enecooOpa3HOCTs pacCMOTPEHNS JaHHOMU 3a/1a4i 00yCIIOBICHA,
B 4aCTHOCTH, clenyromuM. KonebarensHoe IBIKCHHE IPAKTHIECKH IOBCEMECTHO M UPE3BBIUAHHO Pa3sHOOOPa3HO
peanu3yeTcst B IPUPOJE U B TEXHHKE, BBUJY €TI0 M3YYCHHE 3aKOHOMEPHOCTEH KOIeOaTesIbHOrO JIBU)KCHUS HEU3-
MEHHO COXPaHsIeT CBOIO aKTyaJbHOCTh. BecbMa uacTo B KoNeOaTeIbHOM JBIKCHUH YUacTBYeT XKUIKOCTh (TIPExIe
BCETO MPECTABIICT UHTEPEC U3yUCHHE ABIKCHUS BSI3KOH JKHAKOCTH). s KIaCCHYECKHX 3a1ad THIPOMEXaHHKU
XapaKTepHO TO, YTO T€ WJIM MHBIE YaCTH NPHCYTCTBYIOIIEH B 3a/1ade I'MAPOMEXaHUUECKOH CUCTEMBI — HAXOMSIIH-
ecsl B XKUJIKOCTH TeJla, CTCHKH COCYJOB — COBEPIIAIOT 3a[JaHHOE [BIDKCHHUE. 3a1adi, B KOTOPHIX TUIPOMEXaHHIe-
CKasl CUCTeMa SBISIETCS] CBOOOAHOM, BCE YaCTH CHCTEMBI SIBIIOTCS. CBOOOIHBIMHE (IBID)KCHHE BCEX YaCTEH CUCTEMBI
MOJUICXKHT ONPEIECIICHNIO), K HACTOSILIEMY BPEMEHH Majlo U3y4eHbl. 3a/[aua, paCCMOTPEHHas B HAacTosIIEei padoTe,
IpeJICTaBIsIeT COOO0I HOBYIO 3ajady, B KOTOPOH BCE YaCTH THAPOMEXaHUIECKOIl CHCTEMBI SIBISTIOTCS. CBOOOIXHBIMIL.
Haiineno pemienue 1aHHOHU 33124 B OTCYTCTBHE MOJYMHEHHUS 3HAYCHUI yKcia PeifHonbaca KakuM-1u00 yCIIOBUSIM
(HaiileHo peleHue 3a1a4u, IIPUroHOE MPHU JII0O0M MOJIOKUTEILHOM 3HaYeHUH yuciia PeliHonbca). C ucnonbs3o-
BaHUEM JJAHHOTO PEIICHUS IOIyYeHBl aCHMIITOTHYECKUE (hOPMYIIBI, KOTOPBIMH ONPEENSETCS ABIKEHHE TBEPIOTO
TeJla IIPH MaJlbIX U OONBIINX 3HaYeHUAX yrcia Peifnompaca. Pe3ynsraTsl HacTosIEH paOOTH MOTYT HCIOIb30BaTh-
51, B YaCTHOCTH, ITPU MOMCKE HOBBIX TOJXO/0B K U3YUEHHIO CTPOEHUSI THIPOMEXaHHYECKHX CHCTEM.

KuroueBble cjioBa: cBOOOTHAS THApoOMexXaHHYeCKasi CHCTeMa, TBEPJA0€ TeJ10, BA3Kas KUAKOCTH, BpalaTeJbHbI¢
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OSCILLATIONS OF A HYDRO-MECHANICAL SYSTEM
WITH A VISCOUS LIQUID

Sennitskiy V.L.
Lavrentev Institute of Hydrodynamics SB RAS, Novosibirsk;
Novosibirsk State University, Novosibirsk, e-mail: sennitskii@yandex.ru

It is formulated and solved in the work a problem on forced rotatory oscillations of a spherically symmetrical
hydro-mechanical system, consisting of an incompressible viscous liquid and a surrounding it absolutely solid body.
An external periodically changing in time force moment acts to the system. The solid body is free ( the motion of the
body is not given, it must be determined). The problem formulation includes the equation of the solid body motion,
the equation of Navier — Stokes, the equation of continuity and the conditions at the solid boundary of the liquid. The
expediency of the consideration of this problem is conditioned in particular by following. An oscillatory motion realizes
in nature and in technics practically everywhere and extremely variedly and in view of this a learning of laws of an
oscillatory motion constantly keeps its actuality. Very often a liquid takes part in an oscillatory motion (first of all a
learning of the motion of a viscous liquid is of interest). It is of characteristic for classic problems of hydro-mechanics
that some parts of the hydro-mechanical system which is present in a problem — bodies which are in a liquid. walls of
vessels, the liquid being at infinity — fulfil a given motion. To the present time the problems where a hydro-mechanical
system is free, all parts of the system are free (the motion of all parts of the system must be determined) are small
studied. The problem which is considered in the present work is a new problem where all parts of the hydro-mechanical
system are free. The solution of this problem is obtained under the absence of a subordination of meanings of the
number of Reynolds to any conditions (the solution of the problem is obtained which is valid for any positive meaning
of the number of Reynolds). With the use of this solution the asymptotic formulas are obtained by which the motion
of the solid body is determined for small and foe large meanings of the number of Reynolds. The results of the present
work can be used in particular for a search of new approaches to the study of a structure of hydro-mechanical systems.
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asymptotic formulas

HccnenoBanus TUHAMHKHM THUIAPOMEXaHU-
YECKMX CHUCTEM IPECTABICHBI, B YACTHOCTH,
B wm3gaHmsax [1-3]. DkcrmepuMeHTaILHOMY
U TCOPETUYCCKOMY H3YUCHHIO BJIIHUAHUA IIC-
PUOJIMYSCKHUX IO BpeMeHHU (KoyeOaTesbHbIX,
BUOPAIMOHHBIX) BO3/ICHCTBUI Ha JHHAMUKY

TUAPOMEXAHUYECKOM CHUCTEMBI TOCBSIICHBI
pabortsl [4, 5].

B [6] mocTaBieHa u penieHa 3aava o IBU-
KECHUHW THAPOMEXAaHUIECKOW CHCTEMBI C BS3-
KO KUJKOCTBIO, BCE€ YaCTHU KOTOPOU SIBISIOT-

¢s1 CBOOOTHBIMHU.
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IIpenmeToM u3ydeHMs] B HACTOALIEH pa-
Oote sBisieTCs cienyromas 3aaavya. Vmeercs
TUAPOMEXAHUYECKAsl CUCTEMA, IBUKECHHE KO-
TOPOM MOMJISKUT onpeaeneHuto. Cucrema co-
CTOWT M3 a0COTIOTHO TBEPOTO TeJa = U BA3KOM
HECKUMaeMOU KUAKOCTU. Teno E orpaHu4eHo
nBymst cepamu pagmycoB A u A’ (A’ > A)
¢ ueHTpamu B Touke O — Hayane MHEpLUATb-
HOH OpAMOYTOJIBHOM CHUCTEMBI KOOpAWHAT X,
Y, Z. Macca m tena = pacrpezeneHa chepu-
YeCKU-CHMMETPHYHO OTHOCHUTENHHO Toukh O.
Paznocts A’ — A mpeHeOpeKUMO MaJia Mo CpaB-
HEHHUIO C PaguycoM A, B CBSI3U C YEeM TEIO =
paccMaTpuBaeTCsl Kak MaTepuajbHasi MOBEPX-
HOCTH (cpepa Macchl m, paguyca A, ¢ IEHTPOM
B Touke O). JKuakocTs 3amonHseT obmacts Q:
0 < X?®+Y?+ Z2 <A’ Ha rteno E, Hapsay
C CHJIAaMH CO CTOPOHBI JKUIKOCTH, EHCTBYIOT
BHEIIHWE CUIIBl. MOMEHT M~ BHEIIHUX CHII
OTHOCUTEIBHO OCcH X MEPUOANYECKH C IIEPHUO-
nom T u3mensiercst co BpemeneM t. Teno 2 co-
BepIaeT 00yCIOBJIeHHbIE HATHYHEM MOMEHTa
M_ BBIHYK/ICHHBIE BPALIATEILHBIC KOJICOAHMS
BOKPYT ocu X (MOHOTOHHOE BpallleHHuEe Tea E
BOKPYT ocH X OTCYTCTBYET).

Llenpto paboOThI SABISETCS OIpPE/EICHUE
HE 3aBUCALLEIO OT HayalbHBIX JAHHBIX JBU-
JKEHUS THUAPOMEXaHUIECKON CHCTEMBI (Tela &
1 KUIAKOCTH).

Tlocmanoeska u peuernue 3a0a4u

Hyctbt=t/T,x=X/A,y=Y/A,z=Z/A,
1, 0, @ — cepuyeckas cucteMa KOOPIUHAT, CBSI-
3aHHasi ¢ cucteMor X, Y, Z COOTHOIICHUSIMU

X=r1rcos 6,y =rsin 6 cos @, z=rsin 0 sin @;

e , € , e — CIMHHIHBIC 0a3UCHBIC BEKTO-
Pbl CUCTEMBI T, 0, @ (¢, = {X /1,y / 1,2/ 1});
V=(A/T)v,vup— CKOpOCTh, KHHEMATH-
YecKkuii KOA(UIIMEHT BA3KOCTH W IUIOT-
HOCTb JKHIKOCTH (V =v.e + Vg€, +V(pe¢);
P = (pA? / T*p — naBieHue B KUAKOCTH; M —
macca tena =; [ = (2/3)mA? — MOMEHT HHEePIUH
Tena E otHocuTenbHO ocu X; Q= / T — yrio-
Bas CKOPOCTh BpaIllcHUs Tela Z BOKPYT OCH
X; Re = A?/ (vT) — umcno Peitnonsaca; f =
sin2mt; M, = Mf — MOMEHT BHEHIHHX CHII,
ACHCTBYIOIINX HA TENO E, OTHOCHTENIBHO OCH

X (M >0 —mnocTosHHAsN);

tfov 1 ov ) 2
=2n|| — -2 r 0) do;

5
pA
liqg — 2 M
4 ReT
— MOMEHT CWJI, JEHCTBYIOIIUX Ha TEJIO =
CO CTOPOHBI XKHUJIKOCTH, OTHOCUTEIILHO OCH X;

e=MT’/(pA®) s @ =1/(pA’) .

VYpaBHEHUE ABUXKCHUS Tela =, yPABHEHUE
HaBpe — Crokca, ypaBHEHHE HEPa3pbIBHOCTH
W YCIIOBUS Ha TBEPIOW TpaHMLE >KUIAKOCTH
UMEIOT BUJ

2l gy (1)
drt Re
ov 1
—+(v-V)v==-Vp+—Av, 2)
ot ( ) P Re
V.v=0, 3)
v, =0, vg=0, v,=osinOnpur=1.(4)

Bynem paccmarpuBare 3amauy (1)—(4)
IPY MJIBIX IO CPAaBHEHHMIO C €AMHMIICH 3HaYe-
HUAX €. [IppuMeHnM MeTox pa3iioKeHus 1o cTe-
MIEHSIM MaJIoTo napamerpa. [Ipeanonoxum, 4to

0~ O, tew®, V~ V,+E&V, p~ p,+eP,

pu € — 0. &)

Ucnonwzys (1)-(5) B ¥ — npubmmxenun
(N =0, 1), momyuum

23O - Np 4 By ©6)
drt Re
ov
a—rN+(1—N) (Vo-V)v,=
==V +LAV (7
pN Re N»
Vv, =0, (8)
Ve =0, Vg =0, vy, =oysinb
mpur=1, )]
rac
py =-2f O Ve 1l (i 6) g,
olar r sin® 00 )

Ve S VN €, Vg = V€, Vi = Vy-€.

ITycts N=0. 3amaua (6)—(9) umeet perieHue
®,=0, v,=0, p,=p,(7). (10)

Ilyctes N = 1. Byaem uckarp penieHue 3a-
naan (6)—(9), mMmerortee BUI

o, = Real(Co eZ"”), Vv, = Real[v(r,e) e’ ]e

¢

P =P(r, 6,7), (11)

e ® — nocrosiuHast. Ormerum, uto s (11)
ypaBHeHue (8) sBIsieTCs BBHIIOJHEHHBIM. Mc-
nonb3ys (6), (7), (9), (11), Hatinem
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. tov R
2maeco——1—— (——j sin6) do, (12)
-([ ar r Ir l( )
b, =p1(’t), (13)
, 0 2 6V 1 &%
qv= =3 —_—+— —2+
o’ r 8r 2 00
ctg26 @_ v _ (14)
r- 00 ? (sin@)
v=0®sin® mpur=1, (15)

e q=(1+i)vnRe. Cnenaem B (14), (15)

MOJICTAHOBKY
v =¥(r)sin®.
B pe3ynbrare 3100 NnosxyyuM

de dv N
Y™ (24 =0, (17
o (2+q’r) 9=0, (17)

(16)

dr?
V=0 npur=1. (18)
3anada (17), (18) umeer pemienne
1 r
goo e lar) (19)
L, (q) r

e [, , — Monmbuimposannas Gpyrkims beccers.
OTMeTHM, 4TO BBUAY HAJIHYHsI COOTHOILCHHUS

o
L, (q) =e * 1, (Q)

(J,, — bynkums beccens), coracHo Teopeme
Jlommens

L, (Q) #0

JJIA J'IIO60FO MOJIOKUTEILHOrO 3HaueHus Re.
U3 (11), (15), (16), (19) crexyer

I |
:Real{ S (ar) ez"”} S;ne . 20)

32 (CI)

Ucnonszys (12), (16), (19), momyanm
i

O=-—7, 21
2mie + D @1
e @ = 8n ql,, (q)_313/2 (q)
3Re Ly, (q)
(I,,, — monuduuuposannas Gyukuus beccens).
dopmynamu

O=0,+e0, V=V,+&V, p=p,+&p, (22)

u (10), (11), (13), (20), (21) onpenensercs
npuOMmKeHHOE perienue 3anaqn (1)—(4).

OcTaHOBMMCS Ha BOMPOCE O JABMKCHHUU
Tena E mpu MajblX U 0ONbIIHX (TI0 CpaBHEHUIO
C eIMHUIICH ) 3HAYCHUIX uncia PeitHonbaca.

IIpeaBapuTensHO OTMETUM CIIEIYIOIIEE.

1. [Tyctb obmacts Q 3am0THEHA HE JKUIKO-
CTBIO, @ OAHOPOAHBIM TBEPABIM TesoM =’ (1ma-
poMm paamyca A ¢ ueHTpoM B Touke O) mioT-
HOCTBIO p, U Tella =, E' KoJeOMroTCs KaK OTHO
TBepaoe Teno. Torna IBMKEeHNne CUCTeMBI (Tena

E u tena Z') onpenenseTcs ypaBHEHUEM

dQ

[+]')—=M 23
(RSOEEI VRS

3neck I'= (87t / lS)pA5 — MOMEHT UHEp-
nuu Tena E' oTHocuTenbHO ocu X. M3 (23)
crenyer

Q=n,

_r Msin(ﬂ—ﬁj.
2n(1+1) T 2

2. ITycth B obsacTi Q OTCYTCTBYET Kakasi-
b0 marepuaibHas cpena. Torma JBUKEHUE
cucTeMbl (Tena E) onpeaensieTcss ypaBHEHHEM

dQ

24

e

n =

[—=M,, (25)

dt

U3 (25) cnemyer
Q=n,, (26)

e
nzzLMsin @—E .
2ml T 2

OTMeTHM, YTO «TBEPAOTEJIbHBIE» KOJe-
OaHus M, , M, UMEIOT CABMI 110 BPEMEHH Ha —
T/4 no orHomenuto k Momenty M_ .

OO0paTtnMcs K MOTydeHHOMY PEIIeHHIO 3a-
naqn (1)—(4). Ucnonesys (10), (11), (21), (22),

HaizeM
2 - 2mit
co~—iReal 1+ 16m” iRe ©
271 525(ae+8n/15) &+8n/15

npu Re — 0,(27)

g Wr(1-i)| L.
o ~——Real|1- ———=—~| ™
2mee { 3&e+Re }

mpu Re — o0, (28)

W3 (27), (28) crnemyror mnpuOIMKEHHBIE
bopmyIIBI

Q=n+§, (29
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— J719 ManbIX 3HaueHuM Re; 31ech

I'TR ~ t
= Msin o5 (30)

35(1+1') T
Q=n,+¢, 31)

— u1g OonpIIMX 3HaYeHHH Re; 3mech
5
&)2:2 gpA—TMSln E_7_n(32)
3Vn PJRe T 4

Cormmacio (29), (31) u mnpu ManbIx,
U npu OoNbpIIMX 3HaYeHUAX Re yrimoBasi cko-
pocTh Q mpencraBisieT co0oi cymMMmy «OOIb-
muX» KoJieOaHWil (KOTOpBIE COBITATAIOT C
«TBEPAOTENHHBIMIY KoJeOanmsmu (24), (26))
u «Majibix» konebanuit (30), (32). Otmeruwm,
YTO TPU MaJIbIX 3HAYCHHSIX Re «Manbie» Ko-
ne0aHMsl yIJIOBOM CKOPOCTH MMEIOT HYJIEBOM
CABHT TIO BpEMEHH; TPU OONBIINX 3HAYCHUSIX
Re «manpie» KomeOaHWS YIIIOBOW CKOPOCTH
HMEFOT CIBUT 10 BpeMeHu —7T / 8 o oTHomre-
HUIO K MOMEHTY M_ .

3akjoueHue

B HacTosimieli paboTe ompenencHo JBU-
JKEHUE TUAPOMEXAaHUYECKOM CUCTEMBI C BsI3-
KOM >KMIKOCThIO. TeM caMbIM YCTaHOBJEHO,
KaKOBBl OTKJIMKH CHCTEMBI Ha OKa3bIBaeMBbIE
Ha Hee MEePUOJUYECKHE N0 BPEMEHU BO3Ei-
ctBus. HaliieHo, B 4aCTHOCTH, YTO MPHU MaJIbIX
1 OospImx (10 CPAaBHEHUIO C CUHMIICH) 3HA-
YyeHusX urcna PeitHonbpaca NpUCyTCTBUE B CU-

cTeMe BSI3KOU KUJIKOCTHU MPOABIIACTCA B HAJIU-
YUH «MallbIX» KOJICOAHUH YTJIOBON CKOPOCTH
OKPYXKAFOIIET0 XKHUIKOCTh TBepAoro Tena. dop-
mynamu (30), (32) nmemMoOHCTpUPYETCS CBS3b
MEXIYy IapaMeTpamMu THIPOMEXaHHYECKOM
CHUCTEMBI U ABJIAIOIIHNMUCA Ha6HIOI[aeMLIMI/I
«MaJIbIMW» KOJICOAHUSMU YTJIOBOH CKOPOCTH
BpallleHUs] TBEPIOTO Tea.

[Mony4yeHHbIe pe3ynbTaThl MOTYT HCIONb-
30BaThCs, B YACTHOCTH, B HCCICIOBAHUIX
BO3MOXKHOCTEN MaJIOMHBAa3UBHOT'O n3yyde-
HUA CTPOCHUA THAPOMEXAHNYCCKUX CUCTEM.
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