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BeinonHeHHbIE paHee HCCIeJOBAaHHS AMHAMUKU THUAPOMEXaHHMYECKHX CHCTEM IIpH IHEPUOANYECKUX
110 BpeMeHH (KkoaebaTesbHbIX, BUOPAIMOHHBIX) BO3AEHCTBUAX MO3BOIMIN MOTYIUTH PSI HOBBIX HETPHBHAIb-
HBIX PE3y/lbTaTOB. B 4acTHOCTH, TEOPETHUECKU U IKCIEPUMEHTAIBHO YCTAHOBICHO CYILICCTBOBAHUE SBICHHS
NPEHMYLIECTBEHHO OJHOHAIPABICHHOIO IBIIKCHHUSI C)KMMAEMbIX BKJIIOYCHHH B KOJICOMIOIIEiCs >KUAKOCTH
(B.JI. Cennunxkunii, 1988, 1991, 1993, 2001). Haiineno, uTo BHOpallMOHHBIE BO3AEHCTBHS MOTYT HPUBOAUTH
K rugpomexanndyeckomy 3¢ dexry — ananory «mastHuka Kanuus» (I1.JI. Kanuna, 1951), coctosimemy B TOM,
YTO B NPHCYTCTBHH HOJS CHJIBI TSDKECTH HAaXOISIIEeCs B JKHIKOCTH TBEPAOE TEJIO COBEPIIACT IIEPEBEPHY-
ToIe» Konebanus (B.JI. Cennunxuit, 2009). O6HapyxeH 3¢ dexr «aeButanun» xunkoct (B.JI. Cennnnxwmit,
2021, 2022). B paccMaTpuBaBIIUXCS A0 HACTOSILErO BPEMEHH 33/a4ax BCE COCTABIISIOIIME MEPUOAMYECKUX
BO3JEHCTBHI Ha I'HAPOMEXaHUYECKYIO0 CHCTEMY MMENH OJUH U TOT )K€ MEPUOA, BO3ACHCTBHS OBUIM MOHONIEPU-
oguuecKUMU. B manHO# paboTe mocTaBieHa W pelleHa 3ajada, B KOTOPOH BO3AEHCTBUS Ha CHCTEMY XapaKTe-
PHU3YIOTCS HaJIu4ueM Oosiee OHOTO NEPHOAa, BO3ACHCTBHS ABISIOTCS HEMOHOMEPUOANYCCKUMHU. B naeanpHoit
HEC)KUMAeMOil He OIpaHHYEHHOIl U3BHE JKUAKOCTH HaXOOUTCsl TBepHoe BKiIoueHHe (map). CKOPOCTh XKUAKO-
CTH Ha OECKOHEYHOCTH H PaANyC BKJIIOUCHHS IIEPHOTHIESCKH (C OXHUM U TEM K€ IEPHOIOM MM C Pa3IHYHBIMU
[ePHOJaMH) H3MEHSIOTCS CO BPEMEHEM. [ mapoMexaHUYecKas CHCTEMa COBEpIIACT ABMKCHHE, MOJJIeKaIIee
onpezneneHuo. [[pUHIMNHATEHO BaXKHBIM SIBISETCS TO, YTO OKa3bIBaeMbIe HAa CHCTEMY BO3JEIHCTBUS, MPOHC-
XOJSINNe B CHCTEME 3aJaHHbIe IePHOJUUSCKIe H3MEHEHNUs (KoIeOaHusI CKOPOCTH XKHUIKOCTH BIAIH OT BKIIO-
YeHHs, MYJIbCALMU BKIIOUCHNUS) HE HMCIOT BBIICICHHOTO HAIIPABICHNUS B IPOCTPAHCTBE. YCTAHOBJICHO, B YacT-
HOCTH, YTO IPU MOHOINEPUOANYECKHUX BO3ACHCTBHAX BKIIOYCHHE (LEHTp BKIIOUCHHMs) Ha (oHe KomeOaHMi
COBEpIIaeT OJHOHAIPABICHHOE ABIDKCHHE; IIPU HEMOHOIEPHOJUUSCKUX BO3ICHCTBUAX ¢ OMM3KUMHU IEPUO-
JlaMH BKJIIOUEHHE (LEHTpP BKIIOUCHHS) Ha (OHE «OBICTPBIX» KOJNCOAHUIN COBEPIIACT «MEJICHHBIC) KOneOaHHus
BIIOJIb NPSIMOM JIMHUM C NEPUOLOM, 0OpPAaTHO MPOIMOPLHOHAIBHEIM PAa3HOCTH HEPUONOB KOIEOaHUH CKOPOCTH
KHJIKOCTH Ha OECKOHEYHOCTH M PaJIyca BKIIOYCHUS.

KuioueBble cjioBa: KHUIKOCTh, BKJIIOYECHHE, OTCYTCTBUEC BbIICJICHHOI'0 HANIPABJIECHUSA B MIPOCTPAHCTBE,
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MOTION OF A HYDROMECHANICAL SYSTEM
UNDER NON-MONO-PERIODIC INFLUENCES

Sennitskiy V.L.
Lavrentiev Institute of Hydrodynamics SB RAS, Novosibirsk;
Novosibursk State University, Novosibirsk, e-mail: sennitskii@yandex.ru

The fulfilled earlier investigations of the dynamics of hydro-mechanical systems under periodic in time
(oscillatory, vibratory) influences allowed to obtain a series of new, non-trivial results. In particular it was
revealed theoretically and experimentally the existence of the phenomenon of the predominantly unidirectional
motion of compressible inclusions in an oscillating liquid (V.L. Sennitskiy, 1988, 1991, 1993, 2001). It was found
out that oscillatory influences were able to generate the hydro-mechanical effect — an analog of “the pendulum
of Kapitsa”(P.L. Kapitsa, 1951), which consists in that under the presence of a gravity field a solid body being in
a liquid performs“turned upside-down”oscillations (V.L. Sennitskiy, 2009). The effect of “levitation”of a liquid
was discovered (V.L. Sennitskiy, 2021, 2022). In the problems which were under consideration before the present
time all components of periodic influences to a hydro-mechanical system had a same period, the influences were
mono-periodic. The problem is formulated and solved in this work in which the influences to the system are
characterized by the presence of more than one period, the influences are non-mono-periodic. There is a solid
inclusion (a ball) in an ideal incompressible unbounded from outside liquid. The liquid velocity at infinity and
the radius of the inclusion change in time periodically (with a same period or with different periods). The hydro-
mechanical system fulfils a motion which has to be determined. It is of principle importance that the influences
to the system, the prescribed periodic changes in the system (the oscillations of the liquid velocity far from the
inclusion, the pulsations of the inclusion) have no predominant direction in space. It is found out in particular
that for mono-periodic influences the inclusion (the inclusion center) under a background of oscillations fulfils a
unidirectional motion; for non-mono-periodic influences with close periods the inclusion (the inclusion center)
under a background of “fast” oscillations fulfils “slow” oscillations along a straight line with the period which is
inversely proportional to the difference of the periods of the oscillations of the liquid velocity at infinity and the
inclusion radius.

Keywords: liquid, inclusion, absence of a predominant direction in space, mono-periodic and non-mono-periodic

influences, unidirectional motion, slow oscillations
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CocTosiHHE COBPEMEHHOM THIPOMEXaHUKH
B 3HAUUTEIBHOH MeEpe XapaKTepusyeTcs pa-
00TaMu, HaIIEAIIMMHU OTPAKECHHUE B M3JAHUAX
[1-3]. YacTp nmaHHOW Hay4HOW 0OIacTH CO-
CTaBJICHA MCCIICIOBAHUAMU AWHAMUKH THIPO-
MEXaHHYECKHX CHCTEM NpU TMEePHOAMYECKUX
0 BpeMeHH (KoJie0aTenbHbIX, BHOPAIIMOHHBIX )
BO37IEMCTBUAX, HE UMEIOILUX BBIJICJIEHHOTO Ha-
npasjieHus B mpoctpanctse [4, 5]. B HacTos-
el pabore paccmarpuBaeTcs HOBas 3ajada
O JBWXCHWHM THUAPOMEXaHUYECKOH CHCTEMBI
IIPU BO3JIEMCTBUAX, HE UMEIOLINX BHIIECICHHO-
TO HalpasJieHus B IpocTpaHcTBe. Cuctema co-
CTOUT U3 MJEaNbHOI HEC)KMMaeMoOW He orpa-
HUYEHHOW M3BHE JKUIKOCTH M HAXOAALIETOCS
B HEW TBepmoro Tena = (BKIIOUCHHS, ITapa)
pamuyca A. B HadaibHBIE MOMEHT BPEMCHH
t, oupu t = 0 >)KHUIOKOCTB U TEJIO = IOKOATCS OT-
HOCUTEJIBHO HHEPLMAIBHON IPSIMOYTOJbHOMN
cucremsl koopausar X, Y, Z. B nocaenyromue
MOMEHTHI BpeMeHH Tipu t > 0 Ha ruxpomexa-
HUYECKYI0O CHCTEMY OKa3bIBAlOTCA BO3ACH-
CTBUsl, HAJIMYUE KOTOPBIX MPOSIBISIETCS B TOM,
YTO CKOPOCTh JKUJIKOCTH Ha OECKOHEYHOCTH
V_=1{V_, 0,0} u panguyc BKIOUYEHHUs NIEPHO-
JUYECKH COOTBETCTBEHHO € nepuonamu T U T
HU3MEHSIOTCA co BpeMeHeM. LleHTp mHepuum
BKJIFOYEHHS COBIANAET C HEHTPOM BKIIIOUCHUS.
TeueHne XHUIKOCTH ABIAETCS IOTCHIMAIb-
HbeIM [6]. [lepuoas! T, T MOTYT coBnaaTh Apyr
C IpyrOM HJIH OBITH Pa3TUIHBIMU.

Lenbto paboTHl sIBISIETCS  OIpeeieHNe
IBUKEHUS  THJIPOMEXaHMYECKOH  CHUCTEMBI
(’KMIIKOCTH M BKITIOUCHHS ).

Ilocmanoska u pewernue 3a0auu

[Tycte S — pamgmyc-BeKTOp IEHTpa Tela =
(nentpa wHepuuu Tena Z); @ — mMOTEHUIHANT
CKOPOCTH HJIKOCTH; m — Macca Tena =Z; p —
IJIOTHOCTh JKUAKOCTH; ' — rpaHuna temna =
(cepa pammyca A ¢ LEHTPOM B LIEHTpE Tena ),
N — CIMHUYHBIM BEKTOp BHEIIHEH HOpMaiu
k ['; P — naBnenwme B xumgkoctw; | — pyHKIHA t;

F={F, F, E}= —[[Pndr,
r

— cHJIa, JEHCTBYIOIIAst CO CTOPOHBI YKHIKO-
CTH Ha TEJIO =.

[IpeoOpasyem 3amauy (2), (4), (5) x Bumy

—

VYpaBHeHHe nBWXKeHMs Tena = (LeHTpa
MHEpLUH Teja Z), ypaBHEHHE HEPA3PhIBHOCTH,
unterpan Kommu—Jlarpanxa, rpaHUYHbIC U Ha-
YaJIbHBIE YCIIOBUS UMEIOT CICIYIOLINH BUA:

d’s
m =F; 1
dt* M
A®D = 0; )
® , l(Vcb)2 Lo 3)
ot 2 p
n-VCI)=n~d—S +d—A Ha ['; 4)
dt dt

VO -V mpu X2+ Y2+ 22 >0 (5)
®=0,S=0,dS/dt=0mput=0 (6)

(bynkuuun A = A(t), V_ = V_(t) aBisrores 3a-
nanHeiMu; A=A, dA/dt=0,V_=0nput=0
(A > 0 — mocrostHHAN)).

IIpeanonoxum, 4To

S=Se, nmat>0 @)

TO eCTh Iipu BceX t > () eHTp Tena E HaXOAWT-
caHaocu X (S=0,dS/dt=0 mpu t = 0). Or-
METHM, Y9TO JIJIs1 BRITTOJTHEHUS (7) HeOOXOMUMO
M JOCTAaTOYHO, 4TOOBI OBUIN YIOBIETBOPEHBI
YCIIOBHUS

F,=0,F,=0 nnat>0. ®)

3adukcupyeM (IMIPOU3BOJIbHBIN) MOMEHT
BpeMeHu t > 0. BBegem B paccMoTpeHue mps-
MOYTOJIbHYIO cucTeMy Koopmunar X, X, X,
HEMNOJBWKHYIO OTHOCHUTENIBHO CUCTEMBI X, Y, Z,
TaKyl0 4To Haano KoopmuHar X , X,, X, coBma-
JaeT C IIEHTPOM Teja = , 0Ch X JICKUT HA OCH
X, v HanpaBneHust ocedl X, X, COBMAAiOT Co-
OTBETCTBEHHO C HallpaBJEHUsAMU ocell Y, Z.
Bynem ncnionb3oBarh chepruueckre KOOpAuHATHI
R, 0, ¢, ceazannbie ¢ koopaunaramu X, X, X,
COOTHOILEHHUSIMU

X,=Rcos0, X,=Rsin0Ocose,

X, =Rsin0sin .

2
i(R2@]+—l. iEsin@a;()j+—l 28_CIZ>:0; 9)
JoR 0R ) Rsin® 00 20 ) (sin0) O¢
oo :E cos@+d—A mpu R = A; (10)
OR dt dt
o — V_ cos0, 12 — —V,_sin0, L@;() —0 mpuR —o0.  (11)
OR R 06 Rsin® oo
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3amaga (9)—(11) umeer penreHue

3 3
o=V, _+ 1 Vw—ﬁ A— Rcos6 — dA” Zdt /dt.
2 dt 3R

(12)
OtmetnmM, uto cornacHo (3), (12)

n2n

F, = —AzijR:A (sine)2 cos do do =0,
00

n2mn

= —AZIIP sme sing do do =0,

TO €CTh YCIOBUS (8) SIBISIFOTCS BBITIOJTHEHHBIMH.
Ucnonszys (1), (3), (6), (12), noxyuum

Fy =-2nA°[B,  cosOsin c1(9=4—”{153d&+li {A (V —ﬁﬂ};
s 3 dt 2 dt

d , )dS ,d(AV,)
LN 2mpA ;
dt K 3 p] dt} > dt (13)

2n

t t' 3 '
§=21, 3A3Vx—2jdA v |—3d
3°9 0 dt” 3

m+?A P

®opmynamu (3), (12), (13) onpenensercs Tounoe pemrenue 3amaqn (1)—(6).
IIycTh

A= A{1+8(1 cos%ﬂ, Vv, \A/sm% (14)
T

(¢ >0 — mapameTtp; \/ — MOCTOSIHHAs).
OtMmeTrnM, uto cormacHo (14)

3 AV 2n(T-1)t 2n(T+1)t
dA Vm=3n8AV (1+28+§82J cos n(T-1) —cos n(T+o)t)
dt T 2 Tt Tt

(14)

27t(2T—r)t 2n(2T+r)t
Tz Tt

- 8(1+8)|:COS——COS

—COS —COS —COS

e’ 2n(T—r)t 27t(3T—1:)t 27:(T+r)t 2n(3T+r)t
cos — 7 |}
Tt Tt Tt Tt

OcTaHOBHMCS Ha BOIIPOCE O ABIKEHHUHM Tefa = (I[eHTpa Tesa =) MPH MaJIbIX 10 CPaBHEHHUIO
C SIMHUIIEY 3HAYEHUSIX €.

ITycte
=T (15)
Ucnons3ys (12)—(15), nomyuanm
§~Ul= 3 V{sinz’“ _{m_ 3 . 2nt 20—l sin‘”ﬂ g0, (16)
dt A+1 T T A+1 T 2(X+1) T
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rae
_ m
(2n / 3) A’ p
Cornacho (16) Teno E Ha doHe koneOaHuit
COBEpIIaeT OJHOHANPABICHHOE JBIDKEHHUE
CO CKOPOCTBIO
— 6me ~ t
U =- — ey. 17
o+l T an
ITycth
T#T. (18)
[Mogunnum nepuoast T, T ycnoButo
T
L———l <l-a, (19)

rne 0 < a <1 — nocrosuuas.
Ucnonwzys (13), (14), (18), (19), momyuum

MOHOIIEPUOJUUECKUE BO3AEHCTBUS Ha TUAPO-
MEXaHUYECKYI0 CHUCTEMY, HE HMEIOIIUE BBI-
JEJICHHOTO HAaNpaBiCHHUsS B IPOCTPAHCTBE,
MOTYT IPUBOIUTH K KAUECTBEHHO Pa3IMYHOU
nuHamuke cuctemsl ((16), (17), (20)—(22)).
B uwactHOCTH, B HacTosmIel paboTe HaiieHO,
YTO TPH MOHOIEPHOANYECCKUX BO3IACUCTBHUIX
BKJIIOUCHHE B JKHIKOCTH Ha (OHE KoleOaHWit
COBEpIIACT ONHOHANpPABJICHHOE JBHXCHUE;
Npd  HEMOHOTIEPUOIUYECKUX BO3/ICHCTBUAX
¢ ONM3KUMH TEpUOJaMy BKIIOUCHHE B KHI-
KOCTH Ha (hOHE «OBICTPHIX» KOIIeOaHUN COBEp-
IaeT «MeJJICHHbIe» KoJeOaHHs BIOb MPSIMOM
JIMHUY C TIEPHOJIOM, 00PaTHO MPOIOPLUOHAIIb-
HBIM Pa3HOCTH MEPUOAOB, U aMIUIUTYIOH, 00-
paTHO MPOTOPLIUOHANEHON KBaJIpaTy pa3HOCTH
MEPUOAOB MPOUCXOISIIINX B THAPOMEXaHUYE-
CKOHM cHCTeME 3aJaHHBIX NEPHUOANYECKHX HU3-
MCHEHHUU — KOJEOAHWH CKOPOCTH KHIIKOCTH
Ha OECKOHEYHOCTHU H Paguyca BKIIOUYCHHUS.

§~U2 =i\7 sin@ - € T sinzn(T_T)t— T sinzn(ﬂ_T)t —
dt A+1 T =T T +T T
(20)
B 3\ 2sin2nt _ Sin2n(r—T)t _ Sin2n(r+T)t
2(X+1) tT

Cornacho (20) Teno E coBepiaeT koieba-
Hus. B wactHoCcTH, nipu nepuoaax t, T, Omus-
KHX JPYT K JAPYTY, TeJ0 E Ha (OHE «OBICTPHIX
KoJIeOaHUi COBEpIIAcT «MEJICHHBIEY KoeOa-
HUS CO CKOPOCTBIO
- ~ 2n(t-T)t
U2=—38VT sin ( )

A+l T tT

ey .(21)

AMIITUTYIa  «MEJICHHBIX»  KoJeOaHui

Tena E (MeHTpa Tela &) COCTaBIsIeT
3¢ A T T?

2m(r+1) (t-T)

OtMmeruM, uTo comtacHo (16), (20) mpenen
U, npu ctpemiiennu K Hymo T — T pasen U .

(22)

3aKkjoueHne

[TpoBeieHHOE PACCMOTPEHHE TTO3BOJIMIIO
0OHAPYKUTh, YTO MOHOIIEPUOHMUYCCKUE U He-
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