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Annotanms. B nocnenHee Bpems HaOmromaeTcs pe3KHi MHTEPEC K TEOPHH MHTETPAbHBIX ypAaBHEHHI,
Ha3bIBAEMBIX HEKOPPEKTHBIMH 3aJa4aMy, I09TOMY HCCISJOBaHUE TAaKUX 3aa4 aKTYalIbHO, YTO CBA3aHO C BaXKHO-
CTBIO JaHHO} TeMbl. MHTerpaibHbIe ypaBHEHUS SIBISIOTCS BaXKHBIMU IPHIOKCHUSIMHU B 007aCTH MaTEMaTHKH, TaK
KaK OHH SIBJITIOTCS aKTHBHO Pa3BHBAIONIMMICS B IPUIIOKEHHIX TAKHX HAaYK, Kak (pU3HKa, TEXHHUKA, a9POANHAMHUKA,
JNIEeKTPOANHAMHKA. TeopHs HHTerpalbHBIX ypaBHEHUH BonbTeppa 04eHs HHTEHCHBHO Pa3BUBAETCS B HACTOSIIEE
BpeMsl, HO Bce emle caabo pa3sBHTHI M Majlo M3y4eHbl CHCTEMBl TAKUX YPaBHEGHHH IEPBOTO M TPEThEro POJIOB.
Taxke HEJOCTATOUHO MCCIIENOBAHBI METO/bl PETYJIAPU3ALNHN U YHCIEHHBIE PEHICHHs] CUCTEM 3TUX YPaBHEHHI
B TOM CIydae, KOrjJa H3BecTHas (YHKIHS IpH 3aJaHHOH (YHKIMH BHE HHTerpaga oOpamaercs B HyIb
BO BHYTPEHHHX TOYKaxX oTpe3ka. B manHoi paboTe Hccie10BaHO penIeHHe CUCTEMbl HHTETPalbHOTO yPaBHEHUS
Bonbreppa nepsoro poja B ciydae JABYyX HE3aBHCHMBIX IepeMEHHBIX. Tak Kak cHCTeMbl ypaBHEHHH /10 KOHILA
eIe He PACCMOTPEHBI B IPOCTPAHCTBAX OOOOMIEHHBIX (QYHKIHMH M HAUTH HX TOYHOE PEUICHHE MOXKHO TOJBKO
B OY€Hb PEAKMX YaCTHBIX CIydasX, 0COOCHHO aKTyaJIbHOH SBJIETCS pa3paboTKa MPHOIMKEHHBIX METOJOB HX
PCIICHHs, TO €CTh B BHE IIOCTPOCHHS PETYNAPH3AINH B KJIaccaX 0000MEHHBIX (yHKINH ¢ COOTBETCTBYIOMINM
TEOPETHIECKHM 000CHOBAHUEM.
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Annotation. Recently, there has been a sharp interest in the theory of integral equations, called ill —
posed problems, so the study of such problems is relevant, which is due to the importance of this topic.
Integral equations are important applications in the field of mathematics, since they are actively developing in
applications of such sciences as: physics, technology, aerodynamics, electrodynamics. The theory of Volterra
integral equations is developing very intensively at the present time, but systems of such equations of the first
and third kind are still poorly developed and little studied. Also, regularization methods and numerical solution
of systems of these equations have not been sufficiently studied in the case when a known function, for a given
function outside the integral, vanishes at the interior points of the segment. In this paper, the solution to the
system of Volterra integral equations of the first kind is investigated in the case of two independent variables.
Since systems of equation have not yet been fully considered in the spaces of generalized functions and their
exact solution can be found only in very rare special cases, the development of approximate methods for
solving them is especially relevant, that is, in the form of constructing a regularization in classes of generalized
functions with an appropriate theoretical justification.
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Wurterpansubie  ypaBHeHust Bombreppa
OUYEHb LIUPOKO IPUMEHSIOTCS B 3aJ1a4ax acTpo-
HOMUH, OMOJIOTHH, YKOJIOTHH, JJIEKTPOTUHAMU-
ku 1 MexaHuku [1]. C kaxxasIM 1HEM Bce O60ITb-
III€ TOSIBJISIIOTCS HOBBIE 00IACTH, TIE HAXOMSIT
CBOM NPUMEHEHUS WHTETPaJbHBIC yPaBHECHUS
Bonsreppa mepBoro, BTOpPOro u TPEThEro po-
noB. B padorax A. AcanoBa, M. maHanmuesa,
C. MckanmapoBa pacCMOTPEHBI METOIBI PETY-
TSPU3AIUN, C TOMOIILI0 KOTOPBIX B TCOPUH
UHTErpajbHbIX ypaBHEHUI Bosbreppa nepso-
IO ¥ TPETHETO POMIOB TOKA3BIBACTCS CYIIECTBO-
BaHME U CAUHCTBEHHOCTDH perieHus [2, 3].

Wurerpanbubie  ypaBHeHust Bombreppa
IEPBOro pojia SBJISAIOTCA HEKOPPEKTHBIMU 3a-

JadaMu, W Ui MX PEHICHUs] HE MOTYT OBITh
NPUMEHEHBl CTAaHIAPTHBIE METOIBI, YTOOBI
HalTH UX peIIeHHe, ObUT HCIONB30BaH METO[
NPUOKEHHBIX PEIICHUH, KOTOPbIE TIPUMECHSI-
mu B cBoux Tpynax B.O. Ceprees, XK. A. 3ynmy-
kapos, [.b. Canaposa [4-6].

MartepuaJjbl 1 METOAbI HCCIETOBAHMS

B nmanHO#l paboTe uWccieqoBaHa cuCTeMa
UHTErpajibHbIX ypaBHeHU BonbTeppa nepso-
ro poja, B ciiydae ¢ ABYMSI HE3aBUCUMBIMH I1€-
PEMEHHBIMH, C IIOMOILBIO CUHTYJISIPHO-BO3MY-
IICHHBIX YPABHEHUH METOJOM PETYISIpU3alluT
OBLIM TOKA3aHBI CYIIIECTBOBAaHUE U €JMHCTBEH-
HOCTb pEIleHUs JTaHHON CUCTEMBI.
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Pe3y.]'[bTaTbI HCCJICA0OBAHUA U UX 06cy>lc21elme

PaCCManI/IBaeTCSI CUCTEMA
IK(t,x, s)u (s, x)ds + J.J‘N(t,x,s,z)u (S, z)dzdS:f(t, x),(t,x) G, (1)
0 00

rne K(t,x,s) u N(t,x,s,z) — (nxn) — marpunsl QyHKIWH, a u(t,x) — uckomas u f{t,x) — 3aqaHHAS
n — MepHbIe BekTop-pyHkmr Ha G = {(£,x): 0<¢< T, 0<x < X}, f(0,x) = 0 mpu x [0, X].
Brenem HOpMY, [ nXn — MaTpUIlbl A = (a,-,-) CIIEIYIONTUM 00pa3oM:
1 1

n o n 2 n 2
||A|| :(ZZG;] U IS n—MEPHBIX BEKTOPOB U = (U4 ,...,U_) B BUIIE "A":(Z”IZJ .

i=1j=1 i=1

Brenem nepemeHHy10
A(txt)=min{4 (6,x)}, (60)€G, i=12,..n. )
[ToTpebyeM BBITTOIHEHUE CIETYIOMNX YCIOBHUI:
D |K(txs)|eC(G). N2 eC(G). [K(bmnsNia () n A= 4 (0)
npu (tx)€G, tie N, const, A(4,x) — onpezenena ¢ nomompio Gopmynst (2), 4, (¢)€ L, (0.T);
0) mpu ¢ > T st MoObIX (4,%,5),(1,X,5)€G, = {(£x,5): 0<s <¢t<T: 0 <x <X, } cnpaBe/I1BO

”K(t,x,s)—K(T,x,s)“SCjio (s)ds,

rae 0<C — const;
B) TIpH { > T JUTs IFOOBIX (2,X,5,2),(T,X,5,2) € G,= {(tx,5,2): 0<s<t<T:0<z<x<X} cripaBe/JIMBO

||N(t,x,s,z) —N(T,x,s,z)”SCljﬂ.o (s)ds,

rae 0 < C,—const u N(t,x,t,z) =0 npu (£,x,2)eG, = {(tx,2): 0<t<T; 0<z< x < X};
Hapsiny ¢ cuctemoii (1) paccMoTpum cuctemy

gu (t,x,8)+jK(t,x,s)u(s,x,s)ds+ﬁN(t,x,s,Z)u(s,z,g)dzdSZf(t,x), 3)
0 00

e () < & — MaJbIii mapaMmerp.
Pemenne cucremsi (3) 6yaem uckaTh B BUJIE
u(t,x,g)zu(t,x)+(p(t,x,g), (tx)eq. “4)

[oncrasnsas (4) B (3), umeem
t tx
ggo(t,x,5)+jK(l,x,s)go(s,x,e)ds+”N(t,x,s,z)(p(s,z,g)dzds+gu(t,x)=0. %)
0 00

N3 (5) momydaem ClIeAyIoNIyo CUCTEMY:
t t
o(t,x,¢) +lIK(s,x,s)¢(s,x,8)ds=j[K(t,x,s) —K(s,x,5)lp(s,x,&)ds -
& 0 0

_ﬁN(t,x,s,z)(p(s,z,g)dzds—u(z,x):o, 6 6)

00
K(s,x,s)

Pes3onbBeHTa MAaTpU4vHOTO Aapa (—
&

j HUMECT BHU
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R(t,x,s,e)z—lX(t,x,s,E)K(s,x,s), e>0, (7)
£

rne X(¢x,y,s,€) — marpuuHast (yHkus Komm cucteMsr 8th (t,x,s)z—K(t,x,t)X(t,x,s,g),
X(t,x,5,6)=E,,E, — eqnuu4nas Marpuua.
OTMeTHM CIIeAyIOINe CBOMCTBA MATPHUHON GyHKIMU X(Z,X,5,€):
19 X (t,x,5,6)=X (t,x,6)- X' (s,x,¢), (8)

rae X “'(¢,x,y,€) — oOparHas marpuiia MaTpuiibl X(7,x,),€)

20, [X(Z,X,S,[;‘)]l =—1X(t,x,s,£)K(s,x,s), 9
S g
[X(t,x,s,g)]l =—1K(t,x,t)X(t,x,s,g), (10)
s &
3% B cuny HepaBeHCTB BaskeBCKOTO U B CHITY YCTIOBUS a) HMEET MECTO
t
X(t,x,s,e)ﬁx/;exp{—lj. (r)dr}.(t,x,s)eGl 11 (11)
3 s0

[anee, ¢ mOMOIIBIO PE30JIBBEHTHI R(1,X,),5,€),

t

ts
q)(t,x,g):—éJ‘[K(t,x,s)—K(s,x,s)](p(s,x,g)ds+%”X(r,x,s,5)K(s,x,s)x
0 00

tx
x[K(s,x,r) - K(T,x,r)]go(r,x,g)drds —E—IZHN(t,x,s,g)(o(s, z,g)dzds +
00

+ ! J.”X(t,x,s,g)K(s,x,s)N(s,x, T,z)(o(r,z,g)dzdrds—u(t,x)+
00

0

™ |

+u (t,x) +lJ.X(t,x,s,g)K(s,x,s)go(s,x,g)ds.
&

0

Ucnone3yst dopmyny Hupuxie u yauteiBas (9), (10), mocienHio0 nmpeodpasyeM K CIeIyro-
meMy Buay:
t tx
(p(t,x,g):J.H(t,x,s,g)(/)(s,x,e)ds +_|.J.N1 (1,x,5,2,€)p(s,2,€)dzds + F (t,x,¢), (12)
00

0

rae H(t,x,s,g)z—lX(t,x,S,e)[K(t,x,s)—K(S,x,s)]—
&

_izj‘X(t,x,T,g)K(r,x,T)I:K(t,x,s)—K(T,x,s)J dr. (13)
&

t

N, (t,x,s,6)=——X (t,x,5,6)N(t,x,5)—— | X (¢, x,7,6) K (7,x,7)x| N(t,x,5,2)-N(7,x,5,2) |dr.(14)
1 12
& & 1

F(t,x,g)z—X(t,x,O,8)u(t,x)—iiX(t,x,T,g)K(T,x,z')[u(t,x)—u(s,x)]ds. (15)

B panbHelmeM UCnoab3yeM CIAeAyoUUe JEMMBI.
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Jlemma 1. [1ycTh BBITIONHSIOTCS YCJIOBUS a), 0), 8) U T). Marpuunbsle QyHKIuu H(1,x,5,¢€),
u Nl(t,x,s,z, €) OTIpe/IeTIeHbl COOTBETCTBEHHO ¢ MOMOIbi0 Gopmyi (13) u (14). Torna cnpaBemu-
BBI OLICHKH

|H (t.x.5.6)|=C;., (1,x,5)€G,, e>0, (16)
|V (t.x.5.2.8)|=C,, (t.%,5.2)€G,, >0, (17
rie C,=Cn (e +N,),.C,=Cn(e” +N,),N,>0.
JlokasatenbeTso. B cuty yenosnit a) — 6) us (13) nveem
ol o sl e)ae s Ll o) [jﬂo(s)ds]df
B stom ciryuae B cuty (11) 115 IEpBOro CIaraeMoro numeem T

—HX txs HCI& d7—£+ Iﬁo )dTle( )d‘[ IJ. ( )dT—Cfﬂe”<C\/7€ .

&

s

I[JISI BTOPOTO CJIaracMoro CrupaBeajinBO COOTHOIICHUEC

—”‘X (t,x,7,¢ ‘N o ( {J./l dsjdr——J‘\/—e N, x

. ,u:—J‘/io(T dr
xiOCUlO(s)dst gsl =CN,n (-1) j ped u<
T dlu:—;ﬂo(f)df 7.[,10

SCNO\/;Iye’”dySCNO\/;.
0

CrenoBaTeabHO, IeMMa 1 JoKa3aHa.
AHaJIOrMYHO 3TOMY MOYHO HOJIYYHUTh OLlEHKH (17).
Jlemma 2. Ilycts ¢ynkums F(#,x,€) ompeneneHa Qopmynoi (15) ECJ‘II/I u(t,x)eC,(G);

u(0,x)=0 mpu xe[0,X] u 10( )>0 npu moutu Bcex t€[0,7], (0 .[/1 ds, te[0,T],

)|=NoAs (2), o cupasenmiza oueHKa

|F(t.x.8)|<(2N, +1)Vne <7 Ju(t. %) . +(N, +1) @, (" )\, (18)
e pe(0,1), @, (5) SSUP‘u (p’ (v), x)— (qo' (v,), )‘
o (8) — oOparHast pyHKIHUS K Q) I/I ds ,T.e. @ (o(t))zt,(p(qo‘l (19))

HoxkazarensctBo. 1) [lyctp Ogtggo ( ) 0 < S <1. Torna n3 (18) umeem

t

HF(t,x,g)H < —X(t,x,O)u(t,x)—lJ‘X(t,x,s)K(s,x,s)[u (t,x)—u(s,x)]ds <
3 0

<o, (Sﬂ ) x/;eiéw(t) +o, (gﬁ ) j g Noefé[(p(t)ﬂp(s)]drﬂp0 (s)ds<
0

<w, (gﬂ)\/;(l—No)eiw(t) +o, (gﬂ)\/ZS(1+NO)\/ZwM (gﬂ). (19)
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2) Ecu ¢ /(#)<t < T, 10O

Hthsg tx” ||u(tx)|| fef

o (olr)-<") ,

1

g &

0

x[u(t,x) —u(s,x)] ds||< 2N0\/;||u(t,x)||c e’ + Nox/;a)u (gﬂ) :

VYuureBas (19), (20) u (21), u3 (15) nomxyuaem onenky (18).
Jlemma 2 nokasaHa.
B cuny ouenok (16), (17) u (18) u3z (12) momyuum

o (e.x.¢)|<a(r.x.¢) IC lo(s.x.¢)|ds, (t.x)eG
rne a(t,x,6)<C, (8)+”C4 Hq)(s,z,g)udzds,
00

C,(£)<(2N, +1)e_‘9% n )oo, (&” )N .

Ha ocuoBe nemMmsbl 1 HepaBeHCTBO (22) mepenuiieM B CASAYIONEM BUIE:

Hgo (¢,x, 5)” a(t,x,¢) '[C el S)a(s x,€)ds.

0

Bwmecrto a (t, X, 8) TIOJIOKUM BBIpakeHue (23) U U3 MOCIEeIHETO HEPABEHCTBA UMEEM

H(p (¢,x 8)” G, (e)+C ”H(p $,2,E Hdzds+

+C, jeQ(”) {CO (e)+C, ”H(p(Sl , 2, g)H dzldsl}ds.
0 00

3TO HEPaBEHCTBO HHTETPUPYEM U MpUMEHUM (opmyny Jdupuxie:

qutxg C3+C”C3”

S,2,& ‘dzds

3arem, 3amersis ¢ Ha T, IoydaeM B BUIE

lo (63, 6)|<C, ()" +C, [ (5,2, ) s
00

Ha nocnenuioro (24) npuMeHuM JieMMy 2, UMeeM

H(ﬂ(t,x,g)H:CO( e’ (1+HC eC3 R t,X,s z)dzdsj

i n+l t S)n(x—z)”

r;[eR txsz :Z(C CT)

~0 (n!)2

- I X(t,)c,s,8)K(s,x,s)[u(t,)c)—u(s,)c)]ds+l I X (t,x,5,€)x

(20)

e2y)

(22)

(23)

24
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W3 nocieaHero ypaBHEHUEM UMEEM

lo(t.x.8)|=C, (£)C, . (1x)eG, (25)
me G, (¢)=(2N, +1)e <7 \n|u(t.x)| +(N, +1)20,(&" )Vn,

C,=¢“"[1+R(T,X,0,0)TX |,

Takum 0Opa3oM, J0KazaHa CIeAyIOas Teopema.

Teopema 1. IlycTh BBIMONTHSIOTCS YCIOBHS a), 0), 8) U cucteMa (1) uMeeT HelpephIBHOE pe-
IICHUE U t,x) eC, (G) , U (t,O):O npuxe[0,X] u 4, (t)>0 nipu oyt Beex t€[0,7]. Torna pe-
menne U (1, x,& ) cucremsl (3) mpu e—>0 cXoAUTCS K HEMTPEPHIBHOMY PEIICHUIO U t,x) CHCTEMBI
(1) B obactu G 'u cripaBeinBa OrieHKa (25).

Teopema 2. ITycTb BBINOMHAIOTCS YCIIOBUS ), 0), B), T) U A, (é)>0 TIPU TOYUTH Beex I € [0, T ] .
Torna pemenue cucremsl (1) ennncreenno B npocrpanctse C (G).

JHoxkazarenbctBo. [lycTh omHOpOAHAS cUCTeMa

'[K(t, x,s)u(s,x)ds+”N(t,x,s,z)u(s,z)dzds:O,(t,x)G
0 00

TO ecThb cucrema (1) mpu f (t,x) = () I0oMyCKaeT HEHYJIEBOE pPEIICHUE 19(t,x) npu (t,x)eG. Ilo-
CIIITHIOIO CHCTEMY TIEPEITUIIIEM B CIICAYIONIEM BH/IC:

j:K(t,x,s)S(O,x)ds +_:[K(t,x,s)[l9(s,x)—S(O,x)] dS+':[[K(t’x’S)_

—K(s,x,s)}g(s,x)ds+J.J.[N(t,x,s,z)—N(s,x,s,z) B(S,z)dzds:O. 26 (26)
00

O06e yactu cucremsbl (26) CKaIsIpHO YMHOXKAEM Ha BEKTOP 19(0,X). CkaJssipHO€ Mpou3Be/ie-
HUe 0003HAYUM CHMBOJIOM <,> . YMHOasl CIIpaBa M CJIeBa, 3aTeM CYMMHUPYsI UX, HIMEEM

jK(S,x,s)[S(s,x)—S(O,x)] ds + S(O,x),j[K(t,x,s)—K(s,x,s)ds +
+19(s,z),ﬁ[N(t,x,s,Z) —N(s,x,s,z)]&(s,z)dzds:o. (27)

Ortciona, B CHIIy YCJIOBUH TEOPEMBI, UMEEM

'f/io (s)ds H.Q(O,x)HSZNO 'f/io (s)ds ( §1;pc H19(s,x) - 19(0,x)Hds +
0 0 $,X )€

tt txt
¥2C[[2 (v)dr | 9(dzds)|dzds +2C, [ [[2 (v)dz [ 9(s, 2)| dzds. (28)
0s 00s
Hanee, npumensiem hopmyiy Jupuxie u TeopeMy o cpenHeM H, et 00e 4acTh Ha jﬂo (s)ds
U TIepexoAs K npenerny npu ¢ — 0, momyqum 0
$(0,x)=0 npu xe[0,X]. (29)

W3 (1) npu f(t’x):(), (t,x)e G, umeem u(t,x,8)=0 npu Beex (4,x)eG, € > 0. Toraa B cuiny

TeopeMbl | umeeM
1

Hu (t,x)HC =Hu (t,x,g)—u(t,x)uc <[(2N, +1)e_€Tﬂ +(Ny+1) @, (eﬂ)\/;eCZT -0

ipu €—>0. Takum oOpazom Hu (t,x)”c =0. Orcrona u (t,x)zO npu Bcex (t,x) e G.
Teopema 2 nokazana.
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