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IpuBenenne auddepeHnNaNbHEIX ypaBHEHHI B YACTHBIX MPOM3BOAHBIX OOJiee BBICOKOTO IMOPSAKA K HHTE-
IPaIbHBIM YPABHCHHSM SBIISICTCS CIOKHOM 3afadeil. OQHUM M3 METOIOB, HCIONb3YyEMbIX MPU MPUBEACHUHU JH(-
(hepeHIMANBHEIX YPAaBHCHUH B YAaCTHBIX NPOM3BOAHBIX K MHTETPAabHBIM YPaBHEHHSIM, SIBISIETCS METOJ HOINOJ-
HHUTEIBHOTO apryMenTa. OCOOSHHOCTh 3TOr0 METOAA 3aKIIOUaeTcsl B TOM, 4TO, He IpHBOAI AudepeHuaIbHoe
ypaBHEHHE B YaCTHBIX K KAHOHUUECKOMY BH]TY, CBOJIAT €T0 K HHTErPajIbHOMY ypaBHEHUIO. MeTo1 TONOIHUTENbHBIX
apryMEHTOB IIMPOKO UCIIONIB3YeTCst ULt AuddepeHnnaibHbIX ypaBHEHHIT epBoro mopsiaka. Llensro necnenoBanus
ABIISeTCA NpHBeeHne T hepeHIHaNIbHOr0 YPABHEHNS! B YACTHBIX IPOU3BOJHBIX Y€TBEPTOTO MOPSIIKA K CHCTEME
MHTErpalbHbIX ypaBHEHUII HOBBIM METOZIOM, HE NPUBOJA YPaBHEHHUs K KaHOHHMUECKOMY BHIY. B cTarhe paccma-
TpuBaeTcs 1uddepeHnnaIbHOe ypaBHEHNE ¢ YaCTHBIMI POM3BOAHBIMI YETBEPTOTO HOPSIIKA, 1€ K0P HUIIHEHTHI
MIPOU3BOJHBIX HEM3BECTHOH (DYHKIMHU HE 3aBHCAT OT BpeMeHHU. PaccMarpuBaemoe quddepeHuanbaoe ypaBHeHHES
OTHOCHUTCSI K ypaBHEHHUSIM I'HIIEPOOINYECKOTO THIIA, U 3TO yPaBHEHNUE PACCMATPUBACTCS C HAYAJIbHBIMU yCIOBHAMH.
JnddepennnansHoe ypaBHEHNE B YaCTHBIX IPOU3BOIHBIX YETBEPTOT'O MOPSI/IKA 3aIIUCHIBACTCS B OLIEPaTOpHOIT hop-
M€ C IIOMOIIBI0 HECKONBKHX 0003HAYeHUIl. 3aTeM MOCTABICHHAS 3aada C UCIONB30BAHUEM METOAA JOIOIHUTEIb-
HOTO apryMeHTa CBOJIHUTCS K CHCTEME MHTErPalbHbIX YpaBHEHHH. A CylIeCTBOBAHHE M €AMHCTBEHHOCTh PEHICHUS
CHCTEMBI HHTETPaJIbHBIX YPABHEHUH ONPEIEIIIOTCSI IPHMEHEHHEM IIPUHIHIIA CKUMAIOIINX 0TOOpaskeHHil. Pe3yiib-
TaThl MOJIy9eHBI C HCIIOIb30BAaHHEM METO/A IOMOIHUTEIBHOTO apryMeHTa H IIPUHIUIIA CKATBIX 0TOOPaXKEeHHUIL.
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The reduction of higher-order partial differential equations to integral equations is a complex task. One of the
methods used to transform partial differential equations into integral equations is the method of the additional argument.
The key feature of this method is that it reduces the partial differential equation to an integral equation without bringing
it into its canonical form. The method of additional arguments is widely used for first-order differential equations. The
aim of the research is to transform a fourth-order partial differential equation into a system of integral equations using a
new method, without reducing the equation to its canonical form. This article discusses a partial differential equation of
the fourth order, where the coefficients of the derivatives of the unknown function do not depend on time. The equation
under consideration belongs to the class of hyperbolic-type equations, and it is examined with initial conditions. The
partial differential equation of the fourth order is written in operator form using several notations. Then, the problem is
reduced to a system of integral equations using the method of the additional argument. The existence and uniqueness
of the solution to the system of integral equations are determined by applying the contraction mapping principle. The
results were obtained using the method of an additional argument and the principle of compressed mappings.

Keywords: partial derivatives, differential equation, integral equation, equation, method of the additional argument,
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BBeaenue

[IpuBenenue nuddepeHInaIbHbIX ypaBHe-
Huii (1Y) B 4acTHBIX IPOU3BOIHBIX OONee BbI-
COKOTO TOPS/IKAa K MHTETPATbHBIM YPaBHEHUSIM
(1Y) siBnsteTcs CIOXKHOM 3a1adeid. B HacTosiee
BpeMs sl IPUBEACHUS TaKUX ypaBHeHu B UY
uiu cucteMbl 1Y ucnonb3yeTcst MeTos 101oI-
HutenbHOTO aprymenra (MJIA). UrtoOwr wmc-
TIOJTH30BaTh YKa3aHHBIA METO, aBTOPHI JOJIKHBI
npeoOpa3oBaTh HAYAIBHYIO 3219y B YIOOHYIO
it HUX quddepernuanbayo dopmy. Takue

MIPUMEHEHUST MCTIONB30BAINCEH ISl YPaBHEHUI
BTOPOTO TIOpsijiKa B paborax [1, 2].

Heab ucciienoBanuss — MpUBEACHUE 3a-
JaHHoro /1Y B yaCTHBIX MPOU3BOIHBIX YETBEP-
TOTO nopsiaka Kk cucteme MY HOBBIM METOAOM,
HE TIPUBOIS YPaBHEHHS K KaHOHHYICCKOMY
BH/Jly, U UCCIIEI0BAHUE peleHus cucrtemel Y.

MarepuaJjbl 1 METOAbI HCCIIETOBAHUS

[IpuBenenue J[Y B 4aCTHBIX MPOU3BOJHBIX
BTOPOTo nopsjka B cucremy MUY, He npusons
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3aJJaHHOTO YpaBHEHHS K KaHOHMYECKOMY BHIY, pacCMOTpeHo B paborax [1, 2]. CBenenue ocy-
LIECTBICHO ¢ moMotIsio MJIA.

MJIA 3HaYUTENHHO OOIETYUT YHCICHHOE PellieHNe HEeIMHEHHBIX HadallbHBIX 3a1ad [3]. MIIA
MIPUMEHSIETCA [IPU PELICHUU CUCTEM YPaBHEHUH B YACTHBIX MMPOU3BOIHBIX [4, 5].

B pabote ncmons3yrores pemeHus cneayrommux NY:

p(s,t,x) :x+'|-a(p(v,t,x))dv, (1)

q(s,t,x)= x—ja(q(v t,x))dv,
(s,t,x) € Q,(T), (2)

O,(T)={(t,,ty,t5,.,1,, )| 0<t, <1, <1, <..<t, <T,xeR},

e p(s,t,x), g(s,t,x) — Heu3BeCcTHBIC PYHKIUH, a(X) — 3aJaHHas JOCTATOYHO Tnajkas GpyHkius. MY
BuJ0B (1), (2) ¢ 3aganHON M1aaKo# (PyHKIMEH NMEIOT €IUHCTBEHHBIC PEIICHUS.

B nannHo# pabore mucnonp3oBanbl kinaccel Gyakmmin C(Q), Mi,,..),
BBEIICHHEIC B [6, 7].

PaccmarpuBaetcs 3amaua Ko Buga

Uy (6,20) = 207 ()1t (1, %) + @* (V) (1,%) = () (1,2) + [ (e, (8, ) + F (1, x,0), (3)

" u(0, x)

- u,(x), k£=0,12,3, (4)

e
e(x)=—4a’a'(x), f(x)=-2a’ [(a'(x))2 + aa”(x)}.

Jus npuBenenus manHoi 3amadn Komm (3), (4) k cucteme MY ucnonw3yrorcs ciemyro-
mue 0003HaYECHUS

S (t,x)=u,(t,x)—a(x)u (t,x), (5)
o(t,x)=u,(t,x)—a’ (X)u_(t,x), (6)
G (t,x)=0,(,x)-a(x)o(t,x). (7)
a,(x) =—d'(x), ®)

a, (x) = —a(x)a"(x). ©)

C nomo1nkro 0003HaueHui (5)—(9) 3anuniem ypaBHeHue (3) B CIICAYIOLIEM BH/IE:

w,(t,x)—a’ (x)w, (t,x)=F(t,x,u). (10)
Teopema. ITycts a(x), u,(x) CY(R),k=0,1,2,3, F(t,x,u)eC? (Q(T)xR) mLip(L|u).

Torma 3amaya (3), (4) cBoauTcs K pelieHH0 cucreM WY OTHOCHTETBHO HEW3BECTHBIX
3 (t,x),9,(t, x)-
G(t,x)= (ol(q(O 1,X))+— ozl(x)[u0 p(0,2,x) +I31 s, p(s,t,x) dsJ—
0
——ja (q(s,1,%))3, (5, (5,1 x))ds+j( (p(0,5,q))+ j (v, p(v,s q))vads—

0

__Iaz(q(s t x))(uo p(0,5,9)) +j.191 (v p(v,s,q))vads (11)
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Sz(r,x)=%wl<q(o,t,x»+§al<x)(wo P(0,4,%)) +j32 (s, p(s,8,%)) ds]—
—% [ ()9, (s,q(s,t,x))ds —% [, (q)[wo (p(0,5,9)+[ % (v,p(v,sm)dv]ds *

+j F(s,q; [u p(0,5,0))+ [ 8 (v, p(v.5,9) dv])ds (12)
rie [29,(t,%) —a, (u(t,x)]| L= 2 (x),  @(0,x)=w,(x)
[29(t,x) -, () o(1, %)]| o =¥, (%),
u(t,x)=u, p(O t x) +j31 s , p(s,t x)

Jloka3aTebLCcTBO

Jloka3aTenbCTBO TEOPEMBI IPOBOAMTCS B TPU 3Tara. ABTOPbI TAKXKE MCIOIb3YIOT PE3YIbTaThl
pabor [1, 2, 6].

I. U3 (5), (6) u u3 Ha9ambHBIX yCIOBUil (4) momy4aercs cieayromas cucrema MY:

G(t,x)= %(A (q(0,2,x)) + %al (X)u(t, x) —%jal (q(s,t,x)8 (5,9 (s,,x))ds —
_%jaz (q(s,t,x))u(s,q(s,t,x))ds + j a(s,q(s,t,x))ds, (13)

u(t,x)=u, (p(O,t,x))+ G (s,p(s,t,x))ds , (14)

S

B camom zene, eciin 9 (¢, x), u(t,x) — pemenue cuctemsl 1Y (13), (14), To, nuddepeHunpys
(13), umeem

8, (t,x)+a(x)8 (t,x)=a(x)a,(x)u (t,x)+ o(t,x). (15)

W3 (15), yunuTsiBast BBeJICHHBIC BBITIIC 0003HAYEHUS, TIodydaeM (6), (5).

Taxum obpazom, aBropsl u3 (13), (14) nmomyuunu (5), (6).

Tenepb, HA00OPOT, paccMarpuBaeTcs noiyueHue cuctemsl Y (13), (14) us (5), (6).
s ucnonp3oBanus MJIA 3anuiem (5) B ciaenyromeM BUIe:

z,(t,x;u)+a(x)z, (t,x;u) = —a,(x)8 (¢, x) — o, (X)u + 200(t, X), (16)

e z,(t,x;u) =29 (¢, x) — o, (x)u(t, x).

i 3anau (16), (4) u (6), (4) npumensiem MJIA u nomyuaem cucremy MY (13), (14). Takue
npumenenust MJIA npusenens! B padorax [1, 2, 6].
1. U3 (6), (7) n u3 HavaIbHBIX yciaoBui (4) momydaem cucremy UY:

&(t,x) = l//l(q(O LX)+ al(X)w(t X) = J.al(q)w%(saq)ds—

1 f
— Je@a(s.q)ds + [ Fis.q.u)ds, (17)
0 0
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a(t,x) =, (p(O,t,x)) +1% (s,p(s,t,x))ds . (18)

o t—_

Iycre H(t,x), o(t,x) seasiorcs pemenusimu cuctembl 1Y (17), (18). Torna, nuddepen-
uupys (17), momyuaaem (7).

&, (t,x)+a(x)9, (t,x) =a(x)o, (x)o (t,x)+ F(t,x;u). (19)

U3 (19) nomyuaem cripaBeiIMBOCTh ypaBHEHHS (6).

CrenosarenbHo, aBTopsl U3 (17), (18) momyuwnu (6), (7).

Teneps, HA000POT, aBTOPHI TOJDKHBI MTOKa3aTk, 4to u3 (6), (7) ciaeayeT cnpaBedIuBOCTh CH-
cremel 1Y (13), (14).

Hanee, 3amuceiBas (6) B CIemyIONeM BUIE, HCIIONB3yeM CTaHIapTHOE IpuMeHeHne M /A :

Dla(t,x)]z,(t,x;u) =—a,(x)3,(t,x) — o, (x)o(t, x) + 2F (¢, x;u), (20)

rne z,(t,x;u) =24 (t,x) — o, (x)o(t, x).
Crnemyer OTMETHTh, YTO HOBU3HOW JaHHOH paboThl sBisercs crocod 3amucu (7) B Buze (20).
CrnenoBarenbHO, ocie npuMmenenns MJIA s 3amad (20), (4) u (7), (4) nomxygaem (17), (18).
B ypasunenne (13), (17), noncrasmss (14) u (18), nomyqaem (11), (12).
III. Cucrema Y (11), (12) umeer exuncrennoe pewenne B CY(G,(T*)), T* > 0 onpene-
JSeTCsI U3 aHHBIX 3a7a4u (3), (4).
Hcnons3yem BekTopHYHO 3amuck cucteMsr (11), (12):
6 =A06, 21

e 0 = (0, 0,) — BexTop-QyHKuMA IEpeMenHbIX (4.x), 6 =9 (4,x), 6, = 9,(¢,x), a KOMIOHEHTBI
oneparopa 4 = (4, 4,):

1 0 1
40 =, (t,0)+ ()] 6, (s, (s, 1,2)) ds -+ [ (4,8, )6, (5,95, 1, 1))ds +
0 0
f
0

A,0=p,(t,x)+ %al (x)j 0, (s,p(s, t,x))ds —%j.al(q)@2 (s,q(s,t,x))ds —

© Ly

1 t s
92 (Va p(V,S, Q))dVdS _EIQZ (Q(S,t, X))J‘ 91 (Va p(V,S, ‘]))dVdS,
0 0

_%J‘az (q)I 0, (V,p(v,s, q))dvds + ‘[F(s, q,[uo (p(O,s, q)) + I 0, (v,p(v,s, q))dv})ds,

0

rIe
t

(DI(I,X) :%QI(Q(OJ,X))'F%CZI (x)uo (p(o’tax))+jW0 (p(05S7Q))dS_

0

(1.3 =y 000,130+ 4 ()0, (P(0,1,0) = [ (5.0, (0,5 ) .

[TpuMeHsieM TPUHINI CKATBIX 0TOOpaKEHUH, Tonaras ||l9 -0, || <M u ucnonb3ys HOpMY

||9||=max max {|Q, i=1,2}.

0<i<2 (t,x)e0, (T)
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Ilpu T < T° B S(6,,M) cnpasemnu-
BBI OLICHKH:

|A19_(p1| SQ](T), |A20_(02| < Qz(T)a
e
2
Q(T)=PKT + 1+§ K%,

2
Q,(T) = PKT+PKTT+||F||T,

o] <[en]+ a1 = &

|06~ (x)| <P=const, i=1,2.

O6o3naunm 4epes T, T, — COOTBETCTBEHHO
KOpHU YPaBHEHUH:

QM)=M, Q=M.

Onepatop A OyIeT ONepaTopoM CHKaTHsI
B §(6,,M).B camom nene ecn 6',6° € S(6,, M)
HUMEIOT KOMITOHEHTBI 9}, 6’1.2 i=1,2., T0 UMeeM

|40 - 40°|<Q,(1)|0' - 0°

3

4,0 - 4,0°|<Q,(1)|0' -6

b
e

2

Q.(T)=PT + 1+£ T—,
2)2

T
QT)=PT+P—+L—,
4 2
ITycre T, T, — KOpHU ypaBHEHHUI
Q.(T)=1,Q,(T)=1.
Torma npu T <T° =min{7,,T,,T,,T,}

omeparop A SBIISIETCS] ONIEPATOPOM CXKATHs, Clie-
JIOBaTeINbHO, (20) IMeeT eMHCTBEHHOE PEIIEHHE.

Onpenenus eIMHCTBEHHOE PEIIEHNE ypaB-
HeHus (21), MOXHO moxacTaBuUTH ero B (14)
U TIOYYUTh CIUHCTBEHHOE PEIICHHE MOCTaB-
neHHo# 3axaun (3), (4).

3akjoueHue

Paccmotpeno nuddepennmanbHoe ypas-
HEHHE B YAaCTHBIX IPOHU3BOAHBIX UYETBEp-
TOTO TOPSJKA, HEIMHEHHOE OTHOCHUTEIBHO
HEHU3BECTHON (PYHKIMU C HAYyaJbHBIMHU yC-
nosusiMu. IlocTtaBiieHHas 3azada CBeJEHA
K peureHuto cucreM MY. Pesynprarsl moiy-
YEHBI C HCIOJIB30BaHUEM METO/a JOMOJHU-
TEIBHOIO apryMeHTa M NpPHHIUIA CXKaTbIX
OTpaKEHHU.
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